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x > O: glider displaced F, < 0,s0a, < O:
to the right from the stretched sprng
equilibrium position pulls glider toward

equilibrium position.
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glider, so the glider has zero acceleration.
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x = 0z The relaxed spring exerts no force on the

X
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x < Oz gliderdisplaced F, > 0,80a, > O:
to the left from the comprossed spring
equilibrium position pushes glider toward
b equilibrivm position
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- Tijelo mase m, nalazi se na povrsini bez trenja,
pricvrs¢eno za oprugu zanemarive mase koja se moze
sabijati i rastezati

- Sila opruge je jedina horizontalna sila koja djeluje na
tijelo! Sila podloge 1 gravitacijska sila se ponistavaju!

- Ishodiste O = ravnotezni polozaj opruge

- pomak x = udaljenost tijela od O, ali i istezanje opruge

- akceleracija tijela— a,_=F_/m

- pomak tijela iz polozaja ravnoteze —— sila opruge ga
zeli vratiti natrag!

POVRATNA SILA!
- oscilacije se mogu pojaviti samo ukoliko postoji
povratna sila koja sustav pokusava vratiti u ravnotezno
stanje
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Amplituda, period, frekvencija i kutna frekvencija

¢ Amplituda, 4, maksimalan iznos pomaka iz ravnoteznog polozaja. A je
uvijek pozitivna.

% Period, T, je vrijeme potrebno za jedan ciklus gibanja (od polozaja A do
polozaja -A i natrag do A. T je uvijek pozitivan.

% Frekvencija, f, je broj ciklusa u jedinici vremena. SI jedinica je hertz: 1
hertz = Hz = 1 ciklus/s = 1 s. Ime je dobila po njemackom fizi¢aru
Heinrichu Hertzu (1857-1894), pioniru u istrazivanju elektromagnetskih
valova.

% Kutna frekvencija, w, je 23 x frekvencija: ® = 27t

Vrijedi sljedece: f = %, w=2xf= 2

T

e e ———
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JEDNOSTAVNO HARMONIJSKO TITRANJE

% najjednostavnije oscilacijsko gibanje
nastupa kada je povratna sila F,
proporcionalna pomaku x (Hookeov
zakon)

% sa svake strane ravnoteznog polozaja Fy i x

F. =—kx=ma_
d’x k

e
dr m

Jednostavno harmonijsko titranje

Harmonijski oscilator (H.O.)

e e ———

Restoring force F,

X<
E>0

x>0
FE<0

Restoring force F,

“~Typical real case: The
restoring force deviates
from Hooke's law ...

*

% Displacement x

. X
«.but F, = —kxcanbea o

good approximation to the force N

if the displacement x is sufficiently small.

———————————— s
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VEZA IZMEDU JEDNOSTAVNOG HARMONIJSKOG
TITRANJA I KRUZNOG GIBANJA

-#Zanima nas matematicka formulacija jednostavnog harmonijskog
titranja, tj. x(®)!

-#dy nije konstatno, ve¢ je proporcionalno x pa nam formule koje smo
naucili za gibanje s konstantnim ubrzanjem ne pomazu

Tiominated r~Shadow of ball Ball moves in uniform
vertical screen -A 0 p/A on screen circular motion.
—_— i *®* —-—"F7— y -..."
: Ball’s shadow 0.<\ ‘.' Shadow moves
= — Ball oo rotating ,," ~22 back and forth on
While the ball Q 7 N ST / A A1\ x-axis in SHM.
on the turntable // : ,’ I A
moves in uniform { 4/A \\ ! 6 lt:}’ ‘\
circular motion, | ) l J‘ ‘ 1 X
its shadow P moves '\\ e : \ 0 "
back and turtl“ on \ /e \ 'x = A cos 0
the screen in simple -3 Illumination % 4
harmonic motion. ——— S i
| —Table & il
Light beam

-#'Tvrdnja: gibanje tijela pri¢vrs¢enog za oprugu i sjene kuglice su
tdenticni ukoliko je amplituda titranja tijela jednaka polumjeru diska i
frekevencija titranja jednaka kutnoj frekvenciji rotacije diska

- e ——— - e — —eee
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Promatramo gibanje projekcije tocke  na os x

x = Acos0,
s
a, = A,
a, =—a,cosf =—-w°AcosH
a.=-m’x

Tijelo na opruzi

d*x k
= =——X

a =—=
dr* m

Dakle, kutna frekvencija

jednostavnog harmonijskog titranja
mase pricvréene za oprugu je: k

m

) =

e e ———

(a) Using the reference circle to
determine the x-velocity of point £

(b) Using the reference circle to
determine the x-acceleration of point £

-
’ I
7 19 Lf?\
4 | Gn
{ €01 1%
| P
i
; oz\._x_, x
“ al = _ag.ws 9
\ /
\ 7
\\ ’/
\\ //

Monday, March 14, 2011




Frekvencija i period jednostavnog harmonijskog titranja:

@ Al
g 2 27 \'m
Vazno! Kod JHT frekvencija titranja
T =21 \/z ne ovisi o amplitudi!
m

Tines with large mass m:
low frequency f = 128 Hz

Primjer: zvucna viljuska

Tines with small mass m:’
high frequency f = 4096 Hz

Monday, March 14, 2011



Pomak, brzina i akceleracija kod jednostavnog harmonijskog titranja:

x=Acos6

U trenutku t = o fazor OQ zatvara kut ® s osi x, tada ¢e u nekom kasnijem
trenutku £ taj kut biti 0 = ot, + @

Pomak kod JHT: x = Acos(wt +¢)

Period JH'T:

a)T:\/ET=27r = T=27t\/E
m m

Konstanta @ zove se fazni kut! Ona odreduje na kojem
polozaju se nalazi tocka u trenutku £, = o.
U trenutku t, = 0, x, = Acos®

e e ———
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x=Acos(wt+¢), o= 2

Primjerti: m
(@) Increasing m; same A and k (b) Increasing k; same A and m {©) Increasing A; same k and m
Mass m increases from curve Force constant k increascs from Amplitude A increases from curve
110 2 to 3. Increasing m alone ¢ Surve 1to2to 3. Increasing k alone 1 1o 2 to 3. Changing A alone has
X increascs the period. - decreascs the peried. X no effect on the period.

xS R

1 [ 3

13.11 Variations of SHM: displacement
versus time for the same harmonic oscilla-
tor with different phase angles ¢.

These three curves show SHM with
the same period T and amplitude A
but with different phase angles ¢.

x

A
0
—A

oo — e — e — = .- . - e > e — . - - e

crr -
(-

Monday, March 14, 2011




Formule

x = Acos(wt +¢) - polozaj
V= % = —wAsin(ot +¢) - brzina
dv.  d’x :
a4 = —% = = —w Acos(wt + - akcel 1]
S ( ®) - akce eracija

g, k

a=—mx=——x
m

Brzina oscilira izmedu vrijednosti -wA4 1 +wA
Akceleracija oscilira izmedu vrijednosti -w24 1 +@2A

S —_—

() Displacement x as a function of time ¢

X

x = Acos (ot + P)

{b) Vclocity v, as a function of time ¢

Ux v, = —aA sin (wf + ¢)
Ymax = @A

o \ W 4 .
Uy = —oafd
o / ¥ 2r

The v,-t graph is shifted by
N Loat g :
2 cycle from the x-f graph,

L g

{€) Acceleration @, as a function of time ¢

@ a

s

= —w?A cos (@t + &)

/
LW A Ty

f T 27
The a -t graph is s};ifted by :— cycle from the
v,-f graph and by - cycle from the x-r graph.
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Kako nac¢i kut @ i amplitudu A?
Poznati su pocetni polozaj i brzina xo 1 Vo
EV VRV AAA '\’- =
vV, =—WASIn®dD e
Les | | |
V,, ~—WAsin® e Sl
= =—@tan D - , S
Xo AcosD _14 —Al 0 A A
V | BT T Cmax B .
o =0
® = arctan| ——2 R
wXO f 7 —— —X
. 10y =0n
I, = Vgt 8
i a
2 Vv : _:;Lr‘ = ' !—x
A — xO + Ox [ | a:t I= annx : ! x
wx, o, =0 !
ll g4 !
| R i 4
a —
i ]—x-o-n =V - X
f a, -
- T —— Wl T
| s
R | [ % =—a
| - n =0
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ENERGIJA U JEDNOSTAVNOM HARMONIJSKOM
TITRANJU

1 1
E = Emvi 5 Ekx2 =const.  (zakon ocCuvanja energije)

u trenutku 2. = 0, vy = 0, x = A:

E = lmv2 1 lkxz — lkAz «p ukupna energija H.O.
) 2

izvod: T at | . 2 1 £
Ezamvx_l_akx =5m|:—a)ASIIl(COl‘+¢):| +5k|:ACOS(wt+¢):| e

= %kA2 sin® (@t + ¢) + %kA2 cos” (wr +¢)

1
= — kA’
2
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1 [

graf energije:

The total inechanical energy £ is constant.
1

\ Energy

\

Alx = A the energy is all potential; lln:hm:m.
energy is zero.

.

\
|
|
!
!
I
!
|
i

.“‘..‘.
-.'“.

Atx = () the energy is all kinetic;
the potential energy is zero. [

s

Y 7
vE=K+ U 4"

-A o

"lu.‘
M..

) — e e = - -

Al l.hcsc‘poinw the cnag'. 1s half

kinetic and half potential

k
%
iz ukupne energije H.O.: v_= %, /—\/ A v =.—A=wA
m m
Ar = nyx ax='%am|x ax=-%amu % = “Omex
znacenje E, K1 U v, =0 b= 2y o=ty v =30, o
kOd HO B = » = T =
. | [ - | ﬁ| [ : | | l ] x
~A ~ZA 0 A A
E=K+ U E=K+ U E=K+U E=K+U E=K+ U
E is dll potential E is partly potential, E is dll kinetic E is partly potential, E is all potential
energy. partly kinetic energy. partly kinetic energy.
energy. Cncrgy.

G-

oo

s
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PRIMJERI JEDNOSTAVNOG HARMONIJSKOG

TITRANJA
Vertikalno JH.G. 4 £ t = o
g mf/spring A*“ = Al - ii & FekAI-3)
Hooke’s law it AL 3 : = kAl 3 1
mg

ravnotezni polozaj — kAl = mg
ako je tijelo x iznad poloZaja ravnoteze — F_ = k(Al—x)+(—mg)=—kx

Gibanje je J.H.T.
T “’q F= kAt
A spring—~— Al
that cbeys “ W
. i Hooke’s .- mg
= \/ Jaw e -
m P -
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Kutno J.H.G

Balance wheel Spring

.

A_v‘
{

a /I ima ulogu k&/m.

- kota¢ momenta tromosti I (oko svoje osi)
- opruga djeluje na kotac¢ povratnim momentom 7

Mehanicki sat prikazuje tocno vrijeme pomocu balansnog kotaca

T=—K0O

d*0
-0 =10 t.
J dt’

2
Z/’L':Ioczld%t2

K

T __2p

Il

0 = Ocos(wt + ¢)

\/7 == < \/7 frekvencija J.H.G.

gibanje

Ove jednadzbe odgovaraju jednadzbama H.O. gdje 6 ima ulogu x,
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Vibracije molekula

- ro ravnotezna udaljenost dva atoma
-7 < 1, atomi se odbijaju, 7 > 7, atomi se privlace
- Van der Waalsova interakcija

-

- potencijalna energija: R \2 2\
— Al RS o N HE sl
U=U, 2
r r
Distance between U F,
alom centers 20U, |- 10Uy/R, | Fr)
: » & U(r) Pmnbom\. Near equilibrium, ¢/ can Near m_juilibrium. F, Cin be _
2 Us I _~ be approximated by a SUyR, t approximated by a straight line.
: .—}.» / parabola.
/ = ol | ~ | . =y 1 i haeip
N/ -y Ro/ 2Ry Ro\ __~—13r, 2R
Atoms 7 el \; _{-’ / L3Ry Pl
F, = the foree cxcrted ; H I -. gtk
by the lefi-hand atom The equilibrium point isat r = R, The eqmﬂ-)mnn pointisatr = Ry
on the right-hand alom —2Up [ (where ¢/ is minimum). —10Uy/Ry -  (where ¥, is zero).
7 12 6 ] i 13 7]
P dU [ 12R, 26R0 12UO R, R, r<Ry=>F>0
R R a0 S Ta Lol e LA SN | SRS St e
dr r r e WS r r>R, = F<0

Monday, March 14, 2011




Neka je x pomak iz ravnoteznog polozaja, x = 7 - R,

1

13 J
Fr=12ﬂ ( Ky ) —( Ky j :12U0 : i 7
Ry |\ Ry +x R, +x Ry | (1+x/R))” (1+x/Ry)

A NEMA oblik Hookeovog zakona!

Ali, ako se ograni¢imo na samo male amplitude titranja:

(1+u”)=1+nu+n(n_l)u2+n(n_l)(n_z)u3+...
2! 3!
1 = X
=(l+x/R =1+(-13)—
(1+)C/RO)13 (1+/R,) ( )Ro
1

X

(1+x/R0)7 =(1+x/R,) = 1+(—7)R0

F,=—kx

12U

k=20
RO
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EDNOSTAVNO (MATEMATICKO) NJIHALO

Povratna sila: |F, = —mgsin6

frekvencija

]-7:9 :—mge_

period

Za male oscilacije vrijedi aproksimacija sinf =~ 6
(npr. ako je 8 = o.01 rad (oko 6°), sin 6 = 0.0998,
razlika je 0.02%)

T

w:\/zz,/mz\/g, f:i\/g frekvencija

m m L 2 N L

—l=27r\/Z
/ g

period

——

Matematicko n]1halo idealizirani model tockasta
masa koja visi na neelasti¢noj niti (bez mase)

Pomak x je duz luka koji tocka opisuje za vrijeme
njihanja, x= LO

nema ovisnosti o
masi!

(a) A real pendolum

(b) An idealized simple pendulum

& ~String 1s
,"’ assumcd to be
=4 masslcss and
unstretchable.,

T Bob is modeled
as a point mass.

Ky A

v =" N

mg s{nB \

The n-sl::).'i:iy lorcc on the \\ g\ migcos 6
bob is pro _xu] to sin 6, @
n l f] YW small \\ -",‘
6, simnf=~ 0,5 l & motion is o
approxinate f 1"
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FIZICKO NJIHALO

Fizicko njihalo: stvarno njihalo s tijelom konac¢nih
dimenzija! Za male oscilacije vrijedi jednaka
aproksimacija kao i za matematicko njihalo!

U ravnoteznom polozaju centar mase nalazi se na
ispod hvatista.

Udaljenost od hvatista do CM je 4, moment
tromosti tijela oko osi rotacije koja prolazi kroz
hvatiste je I, masa tijela je 7.

Zakretni moment je: T, = —(mg)(dsin0)

Aproksimacija malog kuta: T, = —(mg)6

The body is free to rotate

Pivot around the z-axis.
Irregulary
shaped — Z
body (&) The gravitational force
acts on the body at
: its center of
gravity (cg)-
’ 4
dsin @ A\
<
ﬁ-‘ |
mg 8in 8

The restoring
torque onthe body ¢
is proporticnal to  mg

sin @, not to 8. However, for small 6, sin& ~ 8,
so the motion 18 approximately simple harmonic.

Jednadzba gibanja: ETg =la,

o= |84 frekvencija

! - dt’
I =21 |——
T period

—(mgd)6 = la, =1

I d_29__mgd

a0
dt*

-
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GUSENE OSCILACIJE

Realne situacije, u kojima postoje disipativne sile!
Npr. trenje - amplituda titranja se smanjuje u
vremenu

Ovo smanjenje se naziva priguseno titranje

H.O. s trenjem koje je proporcionalno brzini:

Y F =—kc—bv, 4
2
Jednadzba gibanja: —kx—bv_=ma_ tj. -kx- bﬂ = md—f
dx dt
Rjesenje:

x=Ae P cos(w't + @)

, \/k b’
® = ——
m 4m

-
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Razlike u odnosu na O.H.T:

a) amplituda nije konstantna, smanjuje se s viemenom zbog ¢lana e

b) frekvencija nije vise @ = \/k/m nego ima dodatni élan(a)' = \/ k/m—b*/4m’ )

(b/2m)t

Razlikujemo 3 slucaja:

e b = (0.1 /kem (weak damping force)

1.kadaje k/m=b"/4m* = @' =0 x = b = 0.4,km (stronger damping force)
Aj._ o (62m)t
(b =2« km) .

KRITICNO GUSENJE

2. kada je b >2vkm
NADKRITICNO GUSENJE With stronger damping (larger b):

-A|  * The amplimde (shown by the dashed

curves) decreases more rapidly.
* The period T increases

3. kadaje b <2Vkm (Tp = period with zero damping).
PODKRITICNO GUSENJE
E=1/2mv; +1/2kx’
Energija kod gusenog titranja: 4 STy
—=my,—~+hkx—=..=-bv’
dz de dr

—— —_— ——— —————— ——
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PRISILN:

L, OSCILACIE I REZONANCIJA

5F, fk
ar, Jk

Realan sustav (s priguSenjem) na njega djelujemo vanjskom pobudom
frekvencije w/
U slucaju kada je ws= @ —— amplituda se povecava u ovisnosti o &

(jakosti prigusenja)!

Each curve shows the amplitude A for an oscillator subjected to & driving lorce
at various angular frequencies «,;. Successive curves from blue to gold represent
A successively greater damping.

A lightly damped oscillator exhibits a sharp
resonance peak when wy 1s close to @ (the
natural angular frequency of an undamped
oscillator).

Stronger damping reduces and broadens the
peak and shifs it to lower frequencies,

1
0 05

1 a’dl"’

10 15 20
A

Driving frequency wy e:qums namral angular
frequency @ of an undamped oscillator.

Ifé6 = \'rﬂm, the peak disappears completely.

pobuda: F=F_ cosa,t

s
A — max

Jk=ma) +bo

2
d
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ELASTICNQOST

Sile izmedu atoma u
molekuli drZze atome
zajedno

Sila koja deformira
kruto tijelo

FzYﬂA

Al - produljenje
ly

/o - izvorna duljina
A - povrsina

Youngov modul

F’
—

|
b e o
| A

Materal Young's Modulus ¥ (N/'m?)
Aluminum 6.9 % 10%°
Bone

Compression 94 % 10°
Tension 1.6 x 10%0
Brass 9.0 %1010
Brick 14 %10
Copper 1.1x 10!
Mohair 2.9 10°
Nylon 3.7 % 107
Pyrex glass 6.2 % 1010
Steel 2.0 % 101
Teflon 37 % 10°
Titarium 1.2 x 101
Tungsten 36 10!

-

I
o1 -
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