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Rotational motion is an important part of everyday life. The rotation of the Earth creates the
cycle of day and night, the rotation of wheels enables easy vehicular motion, and modern
technology depends on circular motion in a variety of contexts, from the tiny gears in a Swiss
watch to the operation of lathes and other machinery. The concepts of angular speed, angu-
lar acceleration, and centripetal acceleration are central to understanding the motions of a di-
verse range of phenomena, from a car moving around a circular race track to clusters of
galaxies orbiting a common center.

Rotational motion, when combined with Newton’s law of universal gravitation and
his laws of motion, can also explain certain facts about space travel and satellite motion,
such as where to place a satellite so it will remain fixed in position over the same spot on
the Earth. The generalization of gravitational potential energy and energy conservation
offers an easy route to such results as planetary escape speed. Finally, we present Kepler’s
three laws of planetary motion, which formed the foundation of Newton’s approach to
gravity.

7.1 ANGULAR SPEED AND ANGULAR
ACCELERATION

In the study of linear motion, the important concepts are displacement !x, velocity v,
and acceleration a. Each of these concepts has its analog in rotational motion: angu-
lar displacement !", angular velocity #, and angular acceleration $.

The radian, a unit of angular measure, is essential to the understanding of these
concepts. Recall that the distance s around a circle is given by s % 2&r, where r is

Astronauts F. Story Musgrave and
Jeffrey A. Hoffman, along with the
Hubble Space Telescope and the
Space Shuttle Endeavor, are all
“falling” around Earth.
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jednoliko gibanje po 
kružnici

Pravocrtno gibanje:
pomak ∆x, brzina v i ubrzanje a 

Kružno gibanje:
kutni pomak ∆θ, kutna brzina ω i kutno ubrzanje α

Radijan, jedinica kutne mjere

θ = s
r

360º= 2rπ
r

= 2π

xº= π
180

⋅ x

[rad]

[rad]



jednoliko gibanje po 
kružnici

Kutni pomak:

Δθ = θ f −θi (u radijanima!)

Srednja kutna brzina:

ωav ≡
θ f −θi
t f − ti

= Δθ
Δt (rad/s, s-1)

Srednje kutno ubrzanje:

α ≡
ω f −ω i

t f − ti
= Δω

Δt (rad/s2, s-2)



jednoliko gibanje po 
kružnici

pozitivan smjer (pozitivna brzina)
- suprotno smjeru gibanja kazaljke na satu

Trenutna kutna brzina:

ω ≡ lim
Δt→0

Δθ
Δt

Trenutno kutno ubrzanje:

α ≡ lim
Δt→0

Δω
Δt



jednoliko gibanje po 
kružnici

Jednoliko gibanje po kružnici je gibanje tijela konstantnom 
(jednolikom) brzinom po kružnoj putanji.

Oprez!
Konstantan je samo
iznos vektora brzine,
ne i njegov smjer!

Umjesto brzinom, ovo gibanje  možemo 
definirati i periodom ophodnje T

Veza brzine i perioda: v =
2πr
T



centripetalna sila

Centripetalna sila Centripetalno ubrzanje
2. Newtonov zakon

FC = mv2

r

Centripetalna sila je ukupna sila koja je potrebna da bi se 
tijelo mase m gibalo brzinom v po kružnoj putanji polumjera 
r. Ona je uvijek usmjerena prema središtu kružnice i mijenja 
se kako se tijelo giba.

Tijelo se ne giba pravocrtno                      ukupna sila koja djeluje na njega ≠ 0
1. Newtonov

zakon



centripetalna sila

Centripetalna sila nije nova sila u prirodi!
Naziv centripetalna sila označava rezultantnu silu koja je 
usmjerena prema središtu kružne putanje. Ona se može sastojati 
od sile napetosti, sile trenja, okomite sile ili gravitacijske sile 
(jedne od njih ili kombinacije) 

Primjer:
Sila napetosti kao centripetalna sila!

FC = T = mv2

r



centripetalno ubrzanje

 
!a =
!v2 −
!v1

Δt
= Δ!v
Δt

 
Δ!v
v

≈ Δl
r

Δv = v
r
Δl

 
aR =

Δ!v
Δt

= v
r
Δl
Δt

aR =
v2

r

v - obodna brzina, r - polumjer kružnice



konceptualno pitanje

Neka uže kojim je pričvršćena 
kuglica pukne u trenutku kao 
što je prikazano na slici.
Kuglica će nastaviti gibanje kao 
u slučaju:
(i) a,
(ii) b,
(iii) nastaviti gibanje po kružnoj 
putanji



primjer


Odredite smjer brzine i 

ubrzanja auta na položaju 1 i 

položaju 2, ako se giba 

konstantnom brzinom u 

smjeru kazaljke na satu.

Fizika za matematiare – 2009.

smjeru kazaljke na satu.

Odgovori neka budu 

specificirani prema stranama 

svijeta (N, E, S, W)

Odredite smjer brzine i ubrzanja 
automobila kada se nalazi u 
točkama 1 i 2 ako se giba 
konstantnom brzinom u smjeru 
obratnom od kazaljke na satu. 
Vaši odgovori neka budu 
specificirani prema stranama 
svijeta (N, S, W, E).



kutna brzina

Kutna brzina je promjena kuta u vremenu:

ω = Δθ
Δt

Tijelo puni krug (2π radijana) prijeđe u 
vremenu T (period gibanja).
Ako je gibanje jednoliko:

ω = 2π
T

= 2π f = const.2π rad = 360º
l = r·θ

l = r        θ = 1 rad
l = 2rπ        θ = 2π rad f = frekvencija



centripetalno ubrzanje

2πr = vT

ω ⋅ r = v

acp =
v2

r
=ω 2r

Centripetalno ubrzanje izraženo pomoću kutne brzine



jednoliko ubrzano 
kružno gibanje

Jednoliko ubrzano linearno gibanje Jednoliko ubrzano kružno gibanje

ω =ω i +αt
Δθ =ω it + 1

2αt
2

ω 2 =ω i
2 + 2αΔθ

v = vi + at

Δx = vit + 1
2 at

2

v2 = vi
2 + 2aΔx



primjer: 
automobil u zavoju

7.4 Centripetal Acceleration 203

Problem Solving Strategy Forces that Cause
Centripetal Acceleration
Use the following steps in dealing with centripetal accelerations and the forces that
produce them:
1. Draw a free-body diagram of the object under consideration, labeling all forces

that act on it.
2. Choose a coordinate system that has one axis perpendicular to the circular path

followed by the object (the radial direction) and one axis tangent to the circular
path (the tangential, or angular, direction). The normal direction, perpendicular
to the plane of motion, is also often needed.

3. Find the net force Fc toward the center of the circular path, , where is
the sum of the radial components of the forces. This net radial force causes the
centripetal acceleration.

4. Use Newton’s second law for the radial, tangential, and normal directions, as
required, writing and . Remember that the mag-
nitude of the centripetal acceleration for uniform circular motion can always be
written ac ! vt

2/r.
5. Solve for the unknown quantities.

"Fn ! man"Fr ! mac, "Ft ! mat,

"FcFc ! "Fr 

INTERACTIVE EXAMPLE 7.7 Buckle Up for Safety
Goal Calculate the frictional force that causes
an object to have a centripetal acceleration.

Problem A car travels at a constant speed of
30.0 mi/h (13.4 m/s) on a level circular turn of
radius 50.0 m, as shown in the bird’s-eye view in
Figure 7.13a. What minimum coefficient of static
friction, #s, between the tires and roadway will al-
low the car to make the circular turn without
sliding?

Strategy In the car’s free-body diagram 
(Fig. 7.13b) the normal direction is vertical and
the tangential direction is into the page (step 2).
Use Newton’s second law. The net force acting on
the car in the radial direction is the force of static
friction toward the center of the circular path,
which causes the car to have a centripetal acceler-
ation. Calculating the maximum static friction
force requires the normal force, obtained from
the normal component of the second law.

m

(a)

(b)

n

g

fs

fs

Figure 7.13 (Example 7.7) 
(a) Top view of a car on a curved
path. (b) A free-body diagram of the
car, showing an end view.

Solution
(Step 3, 4) Write the components of Newton’s second
law. The radial component involves only the maximum
static friction force, fs ,max:

m 
v 2

r
! fs,max ! #sn

In the vertical component of the second law, the gravity
force and the normal force are in equilibrium:

n $ mg ! 0 : n ! mg

(Step 5) Substitute the expression for n into the first
equation and solve for #s :

0.366#s !
v2

rg
!

(13.4 m/s)2

(50.0 m)(9.80 m/s2)
!

m 
v2

r
! #smg
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Automobil u zavoju - r = 51 m
Centripetalna sila koja drži automobil u 
zavoju dolazi od statičke sile trenja između 
kotača automobila i ceste.

FN = mg

v = rFc
m

FC = µs ⋅FN

Statički koeficijent trenja     μs     0.95     suha cesta
Statički koeficijent trenja     μs     0.10     led na cesti



Auto u zavoju r = 51 m

Centripetalna sila koja

drži auto u zavoju dolazi

od statikog trenja izmeu

ceste i guma. 

Fizika za matematiare – 2009.

ceste i guma. 

suha cesta:

led na cesti:



primjer: 
automobil u nakošenom 

zavoju bez trenja

204 Chapter 7 Rotational Motion and the Law of Gravity

Remarks The value of !s for rubber on dry concrete is very close to 1, so the car can negotiate the curve with ease.
If the road were wet or icy, however, the value for !s could be 0.2 or lower. Under such conditions, the radial force
provided by static friction wouldn’t be great enough to keep the car on the circular path, and it would slide off on a
tangent, leaving the roadway.

Exercise 7.7
At what maximum speed can a car negotiate a turn on a wet road with coefficient of static friction 0.230 without slid-
ing out of control? The radius of the turn is 25.0 m.

Answer 7.51 m/s

Investigate the motion of a car around a level curve by logging into PhysicsNow at www.cp7e.com
and going to Interactive Example 7.7.

EXAMPLE 7.8 Daytona International Speedway
Goal Solve a centripetal force problem involving two dimensions.

Problem The Daytona International Speedway in Daytona Beach,
Florida, is famous for its races, especially the Daytona 500, held every
spring. Both of its courses feature four-story, 31.0" banked curves, with
maximum radius of 316 m. If a car negotiates the curve too slowly, it
tends to slip down the incline of the turn, whereas if it’s going too fast, it
may begin to slide up the incline. (a) Find the necessary centripetal accel-
eration on this banked curve so the car won’t slip down or slide up the in-
cline. (Neglect friction.) (b) Calculate the speed of the race car.

Strategy Two forces act on the race car: the force of gravity and the
normal force . (See Fig. 7.14.) Use Newton’s second law in the upward
and radial directions to find the centripetal acceleration ac. Solving 
ac # v2/r for v then gives the race car’s speed.

n:

$ mg

n sin

n cos

m 

u

u

u

u
n

g

Figure 7.14 (Example 7.8) Front view of a car
rounding a banked roadway. Vector components
are shown to the right.

Solution
(a) Find the centripetal acceleration.

Write Newton’s second law for the car: m a: # ! F
:

# n: % m g:

Use the y -component of Newton’s second law to solve
for the normal force n:

n cos & $ mg # 0

n #
mg

cos &

Obtain an expression for the horizontal component of
, which is the centripetal force Fc in this example:n:

Fc # n sin & #
mg sin &

cos &
# mg tan &

Substitute this expression for Fc into the radial compo-
nent of Newton’s second law and divide by m to get the
centripetal acceleration:

mac # Fc

5.89 m/s2ac # (9.80 m/s2)(tan 31.0") #

 ac #
Fc

m
#

mg tan &
m

# g tan &

(b) Find the speed of the race car.

Apply Equation 7.13:

43.1 m/sv # √rac # √(316 m)(5.89 m/s2) #

 
v2

r
# ac
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Postoji određena brzina
za koju će se automobil
gibati u zavoju bez trenja!

Nagib ceste je 31º!

Sile koje djeluju na automobil su 
gravitacijska sila i okomita sila. 
Komponenta okomite sile daje 
centripetalnu silu.

 

FC = n ⋅sinθ = mv2

r
n ⋅cosθ = mg

v = r ⋅g ⋅ tanθ = 316m( ) 9.80m s2( ) tan 31!( ) = 43m s

Bez obzira na masu automobila!



satelit u kružnoj putanji

Gravitacijska sila daje 

centripetalnu silu.

Da bi se satelit održao u 

orbiti mora imati tono 

Fizika za matematiare – 2009.

orbiti mora imati tono 

definiranu orbitalnu brzinu:

Hubble Space Telescope

FC = G mME

r2
= mv2

r

Gravitacijska sila daje centripetalnu silu.
Da bi se satelit održao u orbiti mora imati 

točno definiranu orbitalnu brzinu:

v = GME

r

“GPS stands for Global Positioning System.  GPS is a satellite 
based system which was originally considered to be complete 
when it had 24 satellites.  Now the "constellation" is always kept 
closer to 32 satellites.  There are also ground monitoring 
stations.  GPS positions are calculated precisely from signals 
received from a minimum of 3 satellites.  GPS satellites orbit the 
earth at approximately 12,600 miles in outer space.”



primjer

v = GME

r

Hubble space telescope

• u orbiti od 1990. godine
• nakon početnih problema
  senzacionalni rezultati
• ogromna uloga u popularizaciji
  znanosti
• cijena: oko 10 Milijardi $
• visina orbite: 559 km (niska)
• u posljednjih 10-ak godina u 
  Svemir je poslano više desetaka
  teleskopa koji mjere u različitim
  energijskim područjima

Polumjer Zemlje - 6.38 x 106 m

v = GME

r
=

6.67 ×10−11 N ⋅m2 kg2( ) 5.98 ×1024 kg( )
6.98 ×106 m

v = 7.56 x 103 m/s = 27 216 km/h



period satelita



Brzina satelita
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Period satelita

Geostacionarni

satelit kruži oko ekvatora 

periodom  T=1 dan

Brzina satelita v = GME

r

v = 2πr T

GME

r
= 2πr

T

T = 2πr 32

GME
Period satelita

Geostacionarni satelit kruži oko
ekvatora periodom T = 1 dan



primjer: gps sustav
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GPS – Global Positioning System

GPS prijemnik u autu detektira valove koje emitira satelit

i sinhronizira se sa preciznim atomskim satom u 

satelitu, te na temelju vremena putovanja valova i

njihove brzine odredi udaljenost do satelita.

Satelit locira auto na kružnici.

Tri satelita lociraju objekt na presjecištu kružnica.

GPS - Global Positioning System
GPS Prijemnik je uređaj koji proračunava svoj položaj na temelju mjerenja udaljenosti od tri ili više GPS 
satelita. Svaki satelit emitira mikrovalni niz radio signala koji je poznat prijemniku. Dok prijemnik prima taj 
signal, u stanju je odrediti vrijeme koje protekne od emitiranja radio signala sa satelita do prijema na svom 
položaju. Udaljenost prijemnika od satelita proračunava se na osnovu tog vremena, budući da radio signal 
putuje poznatom brzinom. Signal također nosi informaciju o trenutnom položaju satelita sa kog se emitira. 
Ako se zna udaljenost prijemnika od satelita i pozicija satelita, poznato je da se prijemnik nalazi negde na 
sferi određene dimenzije u čijem je centru satelit. Pošto su poznati položaji tri satelita i udaljenost prijemnika 
od svakog od njih, postupkom triangulacije može se odrediti položaj prijemnika. Triangulacija se bazira na 
činjenici da se tri sfere sijeku u najviše dve točke (od kojih jedna obično nema smisla).



prividno bestežinsko 
stanje

Fizika za matematiare – 2009.

a) Za vrijeme slobodnog pada lifta, on ubrzava dolje s a=g, te je prividna 

težina osobe 0.

b) Za vrijeme kruženja satelita po orbiti, on je takoer u slobodnom padu 

prema centru Zemlje. Prividna težina je takoer 0. 

Prava težina u oba sluaja dana je gravitacijskom silom kojom Zemlja 

djeluje na ovjeka.

a) za vrijeme slobodnog pada dizala, ubrzanje lifta je g (prema dolje) pa   
je prividna težina čovjeka 0.
b) za vrijeme kruženja satelita po orbiti, on je također u slobodnom 
padu prema središtu Zemlje. Prividna težina je također 0.
U oba slučaja težina je dana iznosom gravitacijske sile koja djeluje na 
tijelo!

pokus

https://www.youtube.com/watch?v=ry8Eqx7VFSQ
https://www.youtube.com/watch?v=ry8Eqx7VFSQ


umjetna gravitacija

202 Chapter 7 Rotational Motion and the Law of Gravity

Astronauts spending lengthy periods of time in space
experience a number of negative effects due to
weightlessness, such as weakening of muscle tissue
and loss of calcium in bones. These effects may make
it very difficult for them to return to their usual envi-
ronment on Earth. How could artificial gravity be
generated in space to overcome such complications?

Solution A rotating cylindrical space station creates
an environment of artificial gravity. The normal force
of the rigid walls provides the centripetal force, which
keeps the astronauts moving in a circle (Fig. 7.12). To
an astronaut, the normal force can’t be easily distin-

guished from a gravitational force as long as the
radius of the station is large compared with the
astronaut’s height. (Otherwise there are unpleasant
inner ear effects.) This same principle is used in
certain amusement park rides in which passengers are
pressed against the inside of a rotating cylinder as it
tilts in various directions. The visionary physicist
Gerard O’Neill proposed creating a giant space
colony a kilometer in radius that rotates slowly,
creating Earth-normal artificial gravity for the
inhabitants in its interior. These inside-out artificial
worlds could enable safe transport on a several-
thousand-year journey to another star system.

Applying Physics 7.2 Artificial Gravity

n

!

n

n

Figure 7.12 Artificial gravity inside a spinning cylinder is provided by the normal force.

A net force causing a centripetal acceleration acts toward the center of the circular
path and effects a change in the direction of the velocity vector. If that force
should vanish, the object would immediately leave its circular path and move along
a straight line tangent to the circle at the point where the force vanished.

TIP 7.2 Centripetal Force is a
Type of Force, not a Force in
Itself!
“Centripetal force” is a classification
that includes forces acting toward a
central point, like string tension on a
tetherball or gravity on a satellite. A
centripetal force must be supplied by
some actual, physical force.
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FC = mv2

r
= mg

Simulacija gravitacije Zemlje.

Rotacijom svemirske stanice oko osi 
čovjek osjeća prividnu gravitaciju.
Ona dolazi od centripetalne sile 
usmjerene prema centru rotacije, kojom 
stijenka stanice djeluje na čovjeka.



konceptualno pitanje

Mjesec ne padne na Zemlju zato što:
a) se nalazi u Zemljinom gravitacijskom polju,
b) ukupna sila na njega je 0,
c) daleko je od područja djelovanja Zemljine gravitacije,
d) osim Zemlje vuku ga i ostali planeti i Sunce,
e) ništa od navedenog.



vertikalno kružno gibanje

Tijekom gibanja po petlji brzina se

mijenja – nejednoliko gibanje po kružnici!

Na motoristu djeluju okomita sila i težina.

Fizika za matematiare – 2009.

Ako je dan radijus kružne petlje, koja je minimalna 

brzina potrebna da motorist proe petlju?

Tijekom gibanja po petlji brzina se mijenja - 
nejednoliko gibanje po kružnici.
Na motociklistu djeluju okomita sila i težina!

FC1 = FN1 − mg =
mv1

2

r
, FC2 = FN 2 =

mv2
2

r
,

FC 3 = FN 3 + mg =
mv3

2

r
, FC 4 = FN 4 =

mv4
2

r
.

(1) (2)

(3) (4)

Ako je dan radijus kružne petlje, koja je minimalna 
brzina potrebna da motociklist prođe petlju?



centripetalna sila

Zapamtimo!

Centripetalna sila je ime za ukupnu silu koja djeluje 
prema središtu kružnice po kojoj se tijelo giba.

Može biti više sila koje doprinose centripetalnoj - 
npr. okomita sila, sila trenja i gravitacijska sila.

Centrip1

Centrip2

Centrip3

https://www.youtube.com/watch?v=yyDRI6iQ9Fw
https://www.youtube.com/watch?v=L6-kn2tB-9E
https://www.youtube.com/watch?v=dBoUQyTSS74

