
Proširenje difrakcijske linije zbog
male veličine kristalita i

deformacije



Difrakcijska linija - delta funkcija

Proširenje difrakcijske linije zbog doprinosa 
instrumenta 

Proširenje difrakcijske linije zbog 
doprinosa deformacija kristalne rešetke i 

veličine kristalita uzora
Mjerena difrakcijska linija

Konvolucija INSTRUMENTALNOG  PROFILA i 
ČISTOG FIZIKALNOG DIFRAKCIJSKOG 

PROFILA



Dekonvolucija Stokesovom metodom

Bez pretpostavki o obliku mjerenih h(ε) and g(ε)!
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U recipročnom prostoru dekonvolucija se svodi na dijeljenje!

Nužno: - izmjeriti h(ε) i g(ε) što je točnije moguće
- ne precijeniti pozadinu
- mjereni interval [-εM, εM] uključuje „repove” profila

Recept:
- Napravi se Foureriova transformacija profila h i g
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FOURIEROVI KOEFICIJENTI ČISTOG DIFRAKCIJSKOG PROFILA

Warren-Averbachova 
metoda 

prva derivacija krivulje u točki L = 0 daje recipročnu 
vrijednost površinski usrednjene veličine kristalita LWA



Integralne širine

( ) ( ) ( )df p t s t te e= -ò p(ε) – profil od veličine kristalita, bpi, bp½
s(ε) – profili od deformacija, bpi, bp½

bi je određena, npr. Iz Stokesove metode:
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Izvod bpi i bsi ovisi o pretpostavljenom obliku p(ε) i s(ε)!!!

Na primjer
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Cauchyeva funkcija (bpi = bCi)

Gaussova funkcija (bsi = bGi)



Þ Aproksimativna jednadžba [N. C. Halder, C. N. J. Wagner,
Acta Cryst. 20 (1966) 312-313]:
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Tada vrijedi:
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Example:
MgO , prepared by calcination of basic magnesium

carbonate at 600°C to 1300°C.
( )3Fm m

Diffraction broadening decreased as the temperature increased.
MgO1300 → g(ε) – instrumental profile, used to obtain f(ε) for MgO600.
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Comparison of some diffraction lines of the measured
and instrumental profile

• It is expected that thermal decomposition of MgCO3 gives rise to
size broadening only!

• MgO standard was prepared by decomposing MgCO3 powder at
1300°C for 6 hours and allowed to cool slowly in the furnace to
minimize possible lattice defects.
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Fourier analysis:

MgO
200
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Pure diffraction profile:





Fourier coefficients of pure diffraction profile f used in synthesis



Pure diffraction profile:

- observed profile
- pure diffraction profile
- instrumental profile

MgO
200



Voigt

200 reflection 422 reflection

No fitting





( )pf

WA0 WA

d 1 1 ,
fL

F L
dL L L

=

- = +

WA
L - crystallite size perp.

(hkl) (surface-averaged)

WA
83AL =

Sch
145AL =

Sch
L - crystallite size perp. (hkl)

(volume-averaged)

Sch

WA

1.31 2
L
L

£ < D. Balzar, International Union of
Crystallography Monographs on
Crystallography No. 10, 1999., 94-126



Xbroad – examples

1. Sputter-deposited tungsten

- thin tungsten films were prepared in a sputtering system with two
cylindrical magnetrons

- the base pressure in the system was cca. 10-4 Pa
- working gas pressure was 1.4 Pa

- pure tungsten was used as a cylindrical target, substrates were discs 
made of sapphire and silicon

- W comes in two modifications:
1. thermodynamically stable bcc α-W

2. metastable β-W with A15-like crystal lattice, which
converts to α-W during heating



Results:



T (ºC) 

Warren-Averbach Willamson-Hall 

b-W a-W b-W a-W 

size (Å) size (Å) size (Å) strain (%) Size (Å) strain (%) 

RT 114 - 195 0.106 - - 

300 115 - 210 0.106 - - 

350 140 - 235 0.100 - - 

450 150 115 250 0.098 198 0.104 

580 156 120 260 0.098 205 0.098 

900 - 150 - - 245 0.097 
	

Results:



Common mistakes: “hook effect”

- two maxima are too close to each other
- overlap of the tails: background in between is too high
- calculated integral breadth is too small



Common mistakes: “hook effect”

- the first (zeroth) coefficient is smaller than it should be
- obtained size value is larger than it really is
- correction is necessary



Common mistakes: “hook effect”

This is more realistic value!



Common mistakes: “wrong” instrumental peak chosen

- peak at around 77º 2Θ taken for analysis



Common mistakes: “wrong” instrumental peak chosen

- intstrumental peak at around 32º 2Θ taken for deconvolution



Common mistakes: “wrong” instrumental peak chosen



Common mistakes: “wrong” instrumental peak chosen

- repeated analysis with the instrumental peak
whose position is close to the analysed peak



Common mistakes: “wrong” instrumental peak chosen

- obtained size is greater now (compared to 69 Å)
- instrumental broadening increses with 2Θ and in the first case instrumental

peak was too narrow
- convoluted peak was too broad, the crystallite size obtained was smaller



Xbroad – examples

2. Evolution of the crystallite size-strain in nanocrystalline TiO2 anatase

- the samples of nanosized TiO2 were synthesized by sol-gel method
based on the hydrolysis of Ti(IV)-isopropoxide in the nitrogen atmosphere

- after drying in air composite gels, containing small TiO2 nanocrystallites
of different mean sizes and widths of size distributions are synthesized

- to obtain large crystallites, the as-prepared TiO2 sample was thermally
treated for 1 h at temperatures: 310, 380 and 500º C

- the TiO2 samples were examined by complementary TEM techniques
including conventional  microscopy in brigth-field and dark-field, selected
area electron diffraction and HRTEM, as well as PXRD.



Results:



Results:

SAED, distribution of grain sizes and HRTEM of TiO2 at 500ºC



T (ºC) 
TiO2 anatase 

W-A (Å) W-H (Å) HRTEM (Å) Scherrer (Å) 

RT 50 61 58 59 

310 66 77 73 75 

380 78 99 80 96 

500 121 138 130 135 
	

Results:



Common mistakes: bad quality data

Not a very reliable linear regression!



Xbroad – examples

3. Zirconia solid solutions ZrO2-Y2O3 (CoO or Fe2O3)

- ZrO2 monoclinic powder and 16.7wt.% Y2O3 (CoO or Fe2O3) were

mechanically milled using a Fritsch planetary micro-ball mill Pulverisette 7,
with a vial and balls made of tungsten carbid (WC)

- the milling processes were characterized by PXRD and TEM

Ø at the beginning: ZrO2+Y2O3 (CoO, Fe2O3)

Ø after 10 min: broad ZrO2 peaks + Y2O3 (CoO, Fe2O3)

Ø after 50 min: monoclinic ZrO2 + tetragonal/cubic ZrO2

Ø after 180 min: tetragonal/cubic ZrO2



Results:

monoclinic

tetragonal/cubic



!

Results:

monoclinic ZrO2 viewed
along [001] directon

d111 lattice image of
ZrO2+Y2O3 milled for 10
min
T – tetragonal crystallite
stuck on large monoclinic
ZrO2 oxide

ZrO2+Y2O3 milled for 1 h ZrO2+Y2O3 milled for 3 h
crystallites from 2 to 20
nm



sample time (min) 
Waren-Averbach Williamson-Hall HRTEM 

size (Å) size (Å) strain (%) size (Å) 
ZrO2 0 381 439 0.07  

ZrO2+Y2O3 180 48 74 0.177 50 
ZrO2+CoO 180 44 72 0.175 45 

ZrO2+Fe2O3 180 44 73 0.163 46 
!
!
! !

Results:



Common mistakes: background noise

oscillations of the Fourier coefficients due to background
noise – should be smoothed before further analysis



Xbroad – examples
4. CeO2 – “ideal” sample used in Size/Strain round robin by Davor Balzar

D. Balzar, N. Audebrand, M. Daymond, A. Fitch, A. Hewat, J.I. Langford, A. Le Bail,
D. Louër, O. Masson, C.N. McCowan, N.C. Popa, P.W. Stephens, B. Toby,
Size-Strain Line-Broadening Analysis of the Ceria Round-Robin Sample,
Journal of Applied Crystallography 37 (2004) 911-924

Ø A line-broadening study on a ceria sample and a size–strain round robin on diffraction
line-broadening methods, which was sponsored by the Commission on Powder
Diffraction of the International Union of Crystallography.

Ø The sample was prepared by heating hydrated ceria at 923 K for 45 h.
Ø Another ceria sample was prepared to correct for the effects of instrumental
broadening by annealing commercially obtained ceria at 1573K for 3h and slowly
cooling it in the furnace.

Ø The diffraction measurements were carried out with two laboratory and two synchrotron
X-ray sources, two constant-wavelength neutron and a time-of-flight (TOF) neutron
source.

Ø Diffraction measurements were analyzed by three methods: the model assuming a
lognormal size distribution of spherical crystallites, Warren–Averbach analysis and
Rietveld refinement.

Ø The last two methods detected a relatively small strain in the sample, as opposed to
the first method. Assuming a strain-free sample, the results from all three methods
agree well.



Results:

Fourier transform of a physically broadened profile; we used
profiles obtained by Bayesian deconvolution. In this way, a
direct comparison of results obtained by the W-A analysis and
the model of lognormal size distribution of spherical crystal-
lites is possible.

The physically broadened profiles obtained by Bayesian
deconvolution in real space were Fourier transformed. We
used the Warren–Averbach (1952) approximation to separate
the effects of size and strain broadening and carried out the
line-broadening analysis in a customary way [see Warren
(1969) for a full description of the method] to obtain root-
mean-square strain (RMSS) averaged over a distance in real
space, perpendicular to diffracting planes, and an apparent
area-weighted domain size DA (Bertaut, 1949). For a
comparison with the volume-weighted domain size that
follows from Rietveld refinement, we also evaluated the
apparent volume-weighted domain size as a sum:

DV à a3

P

1

Là�1

ASÖLÜ; a3 à �=4j sin ✓end � sin ✓cenj; Ö7Ü

where the length a3 depends on the span of the profiles (✓cen

and ✓end denote the positions of the profile centroid and the
point where the intensity reaches a background level). In
practice, the sum is evaluated up to a Fourier number after
which Fourier coefficients begin to oscillate after reaching
near zero; for our data this value was about 400 ⌃ 50 Å.

The Warren–Averbach (1952) separation method indicated
very small if nonexistent anisotropy. Therefore, we applied the
line-broadening analysis to all diffraction lines, thus averaging
the results over the same reflections as in the LNSDSC
method. After the separation, the size coefficients are plotted
as a function of averaging distance L. A small ‘hook’ effect in
ASÖLÜjL!0 (Warren, 1969) was regularly observed for all the
data. This effect is normally attributed to an incorrectly (too
high) estimated background (Delhez et al., 1980) or to small-
angle tilt boundaries, as proposed by Wilkens (1979). The
former is difficult to avoid because the tails of the size-broa-
dened profile fall off with the inverse square distance from the
peak, as already shown by Wilson (1962, 1963). Thus, all the
profiles in a diffraction pattern overlap even for samples with
cubic symmetry, and the true background is difficult to reach
without making an assumption on the functional form of peak

profiles. The latter is highly unlikely in our sample because the
presence of dislocations would introduce line-broadening
anisotropy, whereas our results show line broadening to be
isotropic. The ‘hook’ effect increases the value of DA if the
derivative is taken at L = 0. We corrected for this effect by
fitting the linear part of the curve, in the region 40–90 Å, and
determined the root of the parallel straight line passing
through unity on the y axis. Both the area-weighted and the
volume-weighted apparent domain sizes are reported in Table
3. The values of root-mean-square strain (RMSS) at DV/2 are
also given in Table 3. Although the RMSS varies significantly
among different data sets, its magnitude is relatively small,
compared with the size effect. It can be argued that such a
small strain can be neglected; in this way, a potentially
significant systematic error because of the Warren–Averbach
(1952) size–strain separation is avoided. We also quote
domain sizes with zero strain in Table 3. Volume-weighted
domain size was calculated analogously to equation (7), but
with the average sum of the real Fourier coefficients instead of
size coefficients. Area-weighted domain size was determined
from the slope to the real Fourier coefficients, averaged over
all reflections, in the same way as for the DA. It is evident that
even such a relatively small strain has a large influence on
both, but especially on the area-weighted domain size.

3.3. Rietveld refinement

Rietveld refinement is becoming progressively more
popular for nonstructural applications, such as texture (Von
Dreele, 1997; Matthies et al., 1997) and residual-stress (Ferrari
& Lutterotti, 1994; Daymond et al., 1997; Balzar et al., 1998;
Popa & Balzar, 2001) determination. It is common practice to
estimate domain size and strain values from the refined profile
width parameters. A comprehensive study on line-broadening
analysis and Rietveld refinement has been presented by
Delhez et al. (1993). Even for purely structural use, it is
necessary to account for integrated peak intensity in a correct
way to obtain reliable structural information. An accurate
modeling of line width is a necessary prerequisite for all these
cases. However, there is a need to clarify the procedures to
estimate domain size and strain from refined profile width
parameters. The original Rietveld program (Rietveld, 1969)
was designed for low-resolution neutron diffraction
measurements that yield a simple Gaussian line shape.
Consequently, line-width models had to be improved to
accommodate high-resolution neutron instruments and espe-
cially X-ray laboratory and synchrotron data with intrinsically
more complex line shapes. We used the Rietveld refinement
program contained in the GSAS suite (Larson & Von Dreele,
2001) for all the refinements. However, the discussion here
applies to other programs as well because the profile shapes
used in major Rietveld programs are relatively uniform.

The line profile model for the CW data, which is introduced
in all major Rietveld-refinement programs, is a generalization
of the Thompson et al. (1987) approach. It implicitly assumes
that the observed and constituent line profiles are Voigt
functions (Balzar & Ledbetter, 1995). Because a convolution
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Table 3
Results of the Warren–Averbach analysis.

Area-weighted DA and volume-weighted DV domain sizes, and root-mean-
square strain (RMSS) at DV/2. The standard uncertainties are estimated as
about 5%.

RMSS = 0

DA (Å) DV (Å) RMSS (10�4) DA (Å) DV (Å)

Birmingham 177 238 4.4 159 228
Le Mans 198 241 6.6 181 226
ESRF 195 213 0† 187 224
NSLS 196 234 4.1 189 229
ILL 188 228 4.5 176 224
NIST 194 251 7.1 167 230
ISIS 165 248 5.0 177 240

† Set to zero; MSS is a small negative number.
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Xbroad:



No problems – excellent measurement,
no overlapping, good background!



Warren-Averbach Williamson-Hall

No problems – excellent measurement,
no overlapping, good background!


