Note for solution of spherical Dirac equation (DEQURK)

Tomohiro Oishi (toishi@phy.hr)

1 Convention and basic formalism

We deal with the Dirac equation for spherical systems in this node. See TABLE 1 for basic conventions.

TABLE 1: Conventional rules in this note.

Name Quantity Definition
flat metric 9" = g = diag(+, —, —, —)
4D coordinate at = (29 2t 22, 23) = (ct,x,y, 2)
z, = (zo, 1, T2, T3) = (ct,—x,—y,—2)
4D derivative o+ = 82 = %, — ﬁ)
o v 9 =
N = gr = Gu0 =\ zar> V)
4D momentum p = (p°,p',p? p%) = iho" =(£.p)
Pu = gul/py = (%’ 717)
gamma matrices yH = (’yo,’_y') = (B,87)
reduced derivative YO, = v, 0" =100y +7-V
1.1 spin algebra
Pauli’s sigma matrices read
=2 3,=2 5.=2 where oy =( 0} (9 Lo (1)
1—27 y—2> 2—27W 01 = 1 0 , 02 = 7/ 0 y 03 = 0 _1 .
These satisfy 0;0; = &;; + i€"*oy,, and thus,
0,05 +0;0; = 251‘47‘,
0i0j — 0;0; = 2k gy = [8i,5,] = i€k gy, (2)
It is also worthwhile to define o¢ 41:
o= 03y 72 = = (o10e) o) (3)
V2
1.2 gamma matrices
In Dirac’s representation, the (4 x 4) gamma matrices are defined as
= ("7) = (8,83), (4)
where
I 0 0 & 0 o
0_ p_ - kE_ (pak _ k
v=p=(o %) a=(g ) e rmvar=( 0 %) )
Note that 79 = v". The following matrices are also useful:
_( 01 i _ P v
w=(§ ) o=zl (©
Dirac’s conjugate: ~
b(x) = 9T (2)y". (7)
Thus, - -
ba(@)e(x) = Fy (2) Fy(x) — Go(2)Gy(2),  da(a)y*u(x) = Fy (2) Fy(x) + Go(2)Go(). (®)



1.3 angular-momentum convention
Clebsch-Gordan (CG) coefficient:

CLPMING2 = (1 mys o, ma | (juje)J, M) <= |J, M) Z CLLAMIIT2 |5y my) |2, ma) . 9)
mi,ma
Note EQs. (3.5.14) and (3.5.17) in Edmonds’s textbook [1]:
ngwljz’h _ Pcﬂflj\fngjl JJ2 C(—Jmljvi)rz;zh _ Pcn;lll\gwjhjz (10)

where P = (—)71172=/_ CG coefficients can be defined as REAL in any case.
The 3j symbol as in EQ. (3.7.3) in Edmonds’s textbook [1]:

J1 J2 J3 = (_)jl_j2+m3 C’(Jéﬂ%)jhh _ J3 J1 Je — J2 Js h . (11)
mp mg —mg V2j3+1 M2 —m3 Mmi Mg mg —mgzg My
Note that, for the 3j-symbol, an even permutation of any two columns keeps it identical, whereas an odd permutation

yields the factor (—)1772%33 as in EQ. (3.7.5) in Ref. [1].
Double-bar matrix element (DBME) or reduced matrix element as in EQ. (5.4.1) in Ref. [1]:

. . . o KGN e
(ot Vae L) = = (0 0 ) (e )

m' M m

(—)ju”K_j i mK,G ] . (=)™ (kg
= WC](\ZLWL VA <J/ || Tr || J> = THQ(W,W)LJ T (12)

1.4 Dirac spinor

Dirac spinor for the spherical system is generally given as

iFn(r) ifrtg (1) Vigm (T)
Un(r) = Pty (r) = - ) 7 (13)
Gn(r) Gt (1) S Vijm (7)
where P
yljm E Z ij 2Yvh m— U(T)'Xv- (14)
v==%1/2
Of course, §.x11 = :I:%Xi%. Note also that
o -
yl]m( ) y@j’m( ) (15)

where / =1 F 1 when | = j + % Thus, the Dirac spinor can be reformulated as

A _ ifnlj(r)y(l—'ﬂm)‘m(?‘))
wnum(r)—< gnlj(r)ywzjﬂn);m(f) ' 19)

Remember also that (& r/r)? = r2/r? = 1. For example, when the larger component has the ds /s (I = 2) character,
the corresponding smaller component has the f5/5 (£ = 3) char-actor. Table 2 lists some sets of (i, /).

TABLE 2: Angular quantum numbers for spherical Dirac spinors.

larger smaller (1,0)
51/2 P12 (071)
D3/2 ds3 /2 (1,2)
Pi/2 S1/2 (1,0)
ds /2 I5/2 (2,3)
d3/2 D3/2 (2,1)




1.5 units

We assume the (1 + 3)-dimensional time and space as well as the CGS-Gauss system of units in this note. In the
MKSA or CGS-Gauss system of units, except the electro-magnetic terms, the Dirac equation is given as

m%w(t, r) = [_mcm -V + BMc + W} b(t,r), (17)

where W is some external potential in the unit of energy (e.g., MeV). From 5 = I and v#0,, = B0 + 7 - 6, it is
also expressed as
[ihey" 0, — Mc® — BW] 1p(t, r) = 0. (18)

The Lagrangian density, which works as the source of this equation, reads
L = [ihey"d, — Mc* — BW] (), (19)

where 1) = ¥ 3. Note that, because the Lagrangian L = Ik d*rL and Mc? have the dimension of energy, 11 is in the
unit of fm~3. As coincidence, if some interaction term(s) has the form, £; = X4 (z), then this wild-card part X
must have the dimension of energy, e.g. in MeV. This knowledge may help us, for example, to infer the unit of the
coupling constant.

For dimensional analysis, the action must satisfy [S]p = [[dt [d*rL],, = ET, since Lagrangian (as well as
Hamiltonian) keeps the dimension of energy, [d*rL] , = E = ML?*T~2. Thus, Lagrangian density has [£]p = EL™.
Note that, in the MKSA or CGS-Gauss system of units, the dimensional analysis concludes that,

[¢* - mass]p = [energy]p = [ he ]D - [m’; e]D B (20)

length

Note for “Plank’s natural system of units” - In the Plank’s natural system of units, one assumes that 7 = 1 and
¢ = 1. With this assumption, dimensions of mass, energy, length, and time can be related as

1 1
pr— = — = = \/2 +1 . 21
[mass]p = [energy]p [1ength] D [time] D (21)

TABLE 3: Dimensional numbers of some quantities, [Quantity]p.

Quantity In MKSA or In Plank’s
CGS-Gauss natural
mass M Mt
time and length T and L M1
energy E=ML?T? M+
LorH EL3 M+
bi(x) L3 M3
#?(x) (scalar boson) E-1L73 M2
AF A, (x) (vector boson) E-1L73 M+2

2 Dirac equation with spherical potential(s)

We discuss the spherical Dirac equation in the following form:

mca(act)w’ ) = [—ihcﬁ'7~ V + BMc2 + BS(r) + W(r)] Wt ), (22)

where S(r) and W (r) are the spherical, scalar and vector potentials, respectively, given in the unit of energy (e.g.,
MeV). From 5 = I and 4*9,, = 0t + 7 - V, it is also expressed as

[ihcey™8, — Mc® — S(r) — BW (r)] ¥(t,r) = 0. (23)
The Lagrangian density, which works as the source of this equation, reads

L =1 [ihey'0, — Mc* — S(r) — BW (r)] ¢(), (24)



where 1) = 1T3. Note that, in the meson-exchange model for atomic nuclei, the potential terms are obtained from
the sigma and omega meson fields. That is, S(r) = g,0(r) and W(r) = gow(r) with w, = d,0w(r), respectively. In
numerical calculations, these meson fields need to be solved self-consistently to the fermion field. In the following,
however, these potentials are given as the external input parameters.

2.1 large and small components
For the time-independent solution of EQ. (22), that is, ii0;y) = Ent, the Dirac equation reads
—iheB7 -V + BMc + BS(r) + W (r)| ¥n(t.7) = Enn(t,7). (25)

Dirac spinor for the spherical system is generally given as in EQ. (13). In addition, we use fni;(r) = ani;(r)/r and
Gnij (1) = bpi;(r) /7 in the following sections. Therefore,

iFn(r) anl] y] (7)
YN () = Yutyn(r) = - q , (26)
GN(T) bnl] r) & Tyl]m( )
where 1
yl]m E Z C v M)l QY'l h=m— v( ) Xv, With §2Xj:% = i§Xi%- (27)

v==%1/2

Remember that ?yljm(f) = Yijm (), where =1 F 1 when [ =j £ %
By using this ansatz EQ. (26), the EQ. (25) is transformed as

—ihed - VG (r) + [Mc*+S(r)+W(r)]iFn(r) = EniFyn(r),
—ihed - ViFn(r) + [-Mc? = S(r) + W(r)] Gn(r) = EnGn(r). (28)

Before going to the further calculations, now we focus on the & - V term. By using,

(U-A) (0‘-B>=A~B+’LO’ (AXB), (29)
then the operator o - V becomes
- G 72, = G-7F,. L=
-V = - U-VZTT(U-F)(O~V)
T, = L L =
= [r V+Z0"(T><V):|
G F[. o . -1 & 7F| d 25 L
= 77“2 [’r‘ V—O’L/h] 77“2 [dr 52 ‘|, (30)

where we have used & = 25 /R, iV = —p/h, and L=rx p. Namely, the spin-orbit coupling is naturally concluded
from “kinetic term” in the Dirac formalism. If the gap of potentials, S(r) — W(r), is constant, this spin-orbit term
vanishes, as we see in the following.

2.2 spin-orbit coupling and Darwin term
Before going to the numerical solution, we check several characters of the Dirac equation. From EQ. (28),
—ihe
Ey+ Mc2+ S(r)—W(r)

Gn(r) = G- ViFn(r). (31)

Thus, the corresponding large component reads

- 7 - ViFy(r)
—(he)2a - g
(he)”e VENJrMCZnLS(v“)fI/V(r)

+ [Mc* + S(r) + W(r)] iFn(r) = ExiFy(r). (32)

We use e (r) = Exy + Mc? + S(r) — W(r) and iFy —> Fy in the following. Since (- V)2 = V2, it becomes

(he)?
Cen(r)

e G2 b () — (he)? (5 - 661\/1(7')) (5-VFx(r)
+ [M+S(r)+W(r)] Fx(r) = EnFy(r). (33)



Next, for the second term, please notice that

(- ¥am) = [ (5o i) = 5 [ )
(5 : ﬁFN(r)) _ar lr;i - Qif] Fn(r). (34)

Thus, by using (& - 7)%/r* = 1/r2, the EQ. (33) is transformed as

(he)? (he)? [ dey*(r) d 25-L
_eN(T)szN(r)_ - [TJZZT} rdr 2 1FN(T)
+ [Mc*+ S(r)+ W(r)] Fx(r) = EnNFn(r),
C(he)? oy o (Hen(r) d | (he)? (= )6&(?)25-5
:l N B3 1 R R R
+S(r) + W)|Fx(r) = (B = M) Fy(r), (35)

where the 1st term in the LHS corresponds to the kinetic energy, the 2nd term is so-called Darwin term, and the
3rd term indicates the spin-orbit coupling. These Darwin and spin-orbit terms can be naturally concluded from the
Dirac equation, whereas those were just introduced as “phenomenology” in the Schroedinger equation.

It is convenient to find that,

e the total potential is given as S(r) + W (r), whereas,
o the spin-orbit and Darwin terms depend on the €}y (r) = S’ (r) — W'(r).

Thus, even though the total potential is zero or very small, it does not guarantee the free condition for fermions.
Remember also that, for the spin-orbit coupling term,

25 LYijm(F) = B K1 Vijm (F), (36)
where
. 3 . 1
Klj:](j+1)*l(l+1)*1 = [, when j:l+§,
1
= —l-1, when j:lfi. (37)
It is also convenient to note that,
~ =0T = - _ . ) 1
25 - L—yljm( ¥) = 25-LYyjm(7), withl{=1%1forj :Zii’
= B*QuiYejm(F), (38)
where
. 3 ) 1
Qlj:j(]+l)f€(€+l)71 = —1—2, when ]:l+§,
1
= [—1, when j:Z_i' (39)

2.3 reduction from Dirac to Schroedinger equations

The correspondence between the EQ. (35) and the Schroedinger equation is obtained as follows. First (i) we assume
S(r) = 0, namely, only the vector-type potential is finite. Notice that, e.g. the Coulomb potential mediated by the
photon (vector-gauge field) is consistent to this assumption. Then (ii) in the non-relativistic limit, Exy —W (r) = Mc?,
and thus, ex(r) = 2Mc?. Note also that €/ (r) = —W/'(r). Therefore, the EQ. (35) is approximated as

h2 S W'(r) d (he)> W'(r) 25 - L

—aiV ) gt pa g T W) Fy(r) = (Bx — M) Fx(r). (40)

The 1st and 4th terms are well-known kinetic and potential terms in the Schroedinger equation, respectively.



2.4 solution of free Dirac equation

For E = ++/c2p% + c*M? > 0 without external potentials, there are two solutions with pg = +F and py = —E:

Py, E+ M 1
s, 4p i) = o |-t )X
A7 ] h 2E MJfE ’
ptx E+M Gp

3 Numerical solution of spherical Dirac equation

Our goal in this section is to summarize necessary points for the numerical solution of spherical Dirac equation. We
start again from EQ. (28):

—ihcd - VG (r) + [Mc® + S(r) + W(r)] iFn(r) = EniFx(r),
—ihed - ViFn(r) + [-Mc = S(r) + W(r)] Gn(r) = EnGn(r). (42)
Notice that, from EQ.(30),
e (@, o Fr(,e . oz, G-r| d 25L
7-V= r2 v r2 [r 7 L/h} 2 |"ar R |’ (43)

= —p/h, and L =#x p. Using the label Kj; and @);;, which are determined as
S Yjm = h2Q1; X Vijm, one finds that

—

where we have used &@ = 25/h, iV
25 - LYVpjm = h2Ki;Vijm and 25 - L

7 9iFnr) = 3 SiFuein = 0 [F 0] i),
_ Z_[dF,ZlZ( r) sz Fouy(r )} ?yljm(F)v (44)
and
G-VGn(r) = aﬁGnU(r)?yljm(f) = i’f [rdG’;{(r) Qljc:nlj(r)] ?yljm(f)
= | 26,0 | Y. (19
Therefore, EQ. (42) is transformed as
ine| ) Q)] () = (B = W) = () = M By 1 (),
cinci | T B )| Ty = (B - W0+ 500+ M)
Gnlj(r)g%yljm(F). (46)
Thus,
% _ KlJFnl]( )+ MCQ+S(T);CEN7W(T)G”U(T)’
% _ M+ S(r )h—CEN + W(r) Fus(r) + %ij(r). (47)

For another representation with Fy,;;(r) = a"% and Gp;(r) = b"”%“% these equations change as

dan; K +1 MC2+S(7‘)+EN—W(T)
dr 1 = ! Anlj (T) fic bnlj (T)a
dbpy; M+ S(r)—Ex+W(r i+ 1
& = = B W ) 4+ D5 ), (18)



Here, one can use a trick: Kj; +1 = —Qy; — 1 for whatever j = £ 1/2. Thus, by using

K,leKlj—Fl:—Qlj—l = [+1 forj:l+1/2,
= = for j=1-1/2, (49)
then one finally gets
dani; Ky Mc2+ S(r) + Ex — W(r)
= () + g buts (),
dbp; M+ 8S(r)—Ex +W(r —Kl;
Loy~ = N EWD ) 4+ 00 (50

In the following, we introduce the new symbols as
s(ry=Mc +S(r), wv(r)=Ex—-W(), enx(r)=s(r)+o(r).
Then the last equations for {a,;(r), by, (r)} read

H(3)-(4 %))

Since this EQ. (51) is simply the single-derivative matrix equation, the 4th-order Runge-Kutta (RK4) method can
be utilized to obtain the numerical solutions of an;;(r) and by,;;(r) [2]. Here we summarize TIPs for numerical
implementation:

e Physical input parameters necessary: (i) mass and energy (Mc?, Ey); (ii) quantum numbers of interest N =
(n,l,7); (iii) scalar and vector potentials S(r) and W (r); physical constants.

e Numerical parameters necessary: (i) cutoff maximum and minimum energies; (ii) radial mesh parameters

(dr, Rmax)-

e For finding the eigenenergy En of the bound state, as one example, one should employ the iteration com-
bined with the node-counting technique. Namely, the RK4 solution for the fixed set of (n,l,j) is repeated by
elaborating the input E,;; until when the results are expected as converged.

o For the starting values of f,,;;(r) and gy, (r) necessary to use the RK4 method, one can refer to their asymptotic
forms at r = 0, which are given in the following sections.
3.1 large component a(r)

First, we eliminate b(r):

M) = s (o) - Sa).
Vo) = re{ R ()~ o) + - (@) - S + Hat) |
= (rom EOM...) = X2t B () — Eopr) (52)
By some calculations,
= ad'(r) - ga'(r) + %a(r) — e;/?[r) a'(r) — ;a(r)) = sih_c)gza(r) — g (a'(r) — ga(r))
= a”(r)—%a’(r)—&— (;—Fm-i—w—ﬁ)a(r)zﬂ
a"(r) - %a’( )+ (—l(l; Dy ZT]X = Sihc)f) a(r) =0, (53)

where we have used k;j(k;; — 1) = I(I + 1) for whatever j = [ £ 1/2. Or equivalently,

c)? c)2ey (r c)? c) ey (r) K
(h) " ) (h) N( )a'(r)—i—{(h) l(l—zl)—(hl(;ﬁv)()+S(7’)—’U(7’):|(L(’f’)_07

en(r) €% (r) en(r) 7 N r

(P P (hPey() d (e 0D (hePey(n o T
{eN<r>dr2+ 2(r) dr*[ew«) ” o TIm T )H ")

= (Ey — Mc*) a(r). (54)

Then, in the non-relativistic limit, this equation becomes the Schroedinger equation with the potential S(r) + W (r).



3.2 small component b(r)

Next we focus on by,;(r). By introducing (n = s(r) — v(r) = Mc* + S(r) — Ex + W(r),

o) = oo (V0)+ £0)
d(r) = he {(—)gf% (¥() + Z0()) + c%m (") + Z0'(r) - :Qb(r))}
— (from BEOM..) = g( ]f(cr) (v0r) + Zb0) + Wz}(m (55)
By some calculations,
— () + S0 (r) = 5b(r) - gz (V) + Zom)) = = (00) + Zo) + s?h_c)fb(r)
= V() - gAVfb'(r) + <—“(“rj1) — gg = Szhc;’z) b(r) =0, (56)

By dividing this equation by —en(r)/(hc)?, where ex (1) = s(r) + v(r), one finds

(
(! (e 2 PGy <r>d+[<hc> D) (P 5 g o b

n(r)dr2 " en(r)Cn(r) dr (r) r? N(r)Cn(r) T
= (Bn — Mc*) b(r). (57)

3.3 asymptotic form at r = 0 with W/(r) = S(r) =0
Within this assumption, the EQ. (53) is approximated as

> 1(l+1) - 82 (r) —v3(r) d -~
Llﬂ - O e =0, O = —Fa—r, G0 =0)=0. (58)
(i) Because this equation keeps the same for r — —r, the asymptotic form must be a(r) = > 2"t or 2 3~ 727,

in its expanded form. (ii) By considering the special case with S(r) = W(r) = 0, namely C(r) = const., the p0551ble
form can be limited as a(r) = r'*! + O(r!*3). (iii) Assuming a(r) = r'+1 + xO(r)r! T3 + O(r!?), the factor X must
satisfy that,

0 “j+ﬁ{ L+3)(1+2) = x(+ D~ 1} C(r) + OG5 2) 20 —5 y= (59)
r2 2 X X N T ute
Therefore, without the normalization,
~ C(r)
anij (7‘ ~ 0) _ 7nlJrl + T 6 l+3 + O( l+5) (60)

The corresponding by,;;(r) can be computed from the Dirac equation:

he danp R
bpyi(r 220) = L Lau,(r)] . 1
mi(r 20) = o | S = an (1) (61)

4 Sample calculation

For the benchmark of programme DEQURK to solve the spherical Dirac equation with RK4 method, we present the
sample calculations for the single-proton energies in the '°°Sn nucleus.

o In FIG. 1, the scalar and vector potentials utilized for this p+'°°Sn system are displayed. Notice that the vector
potential W (r) includes the Coulomb barrier in addition to the attractive-nuclear potential. These potentials
are obtained by fitting them to the self-consistent mean-field results from Relativistic Hartree-Bogoliubov
(RHB) calculations with the DD-PC1 parameters [3].

e In FIG. 2, the Dirac-spinor functions, f,;(r) = an;(r)/r and gni;(r) = bny;(r)/r, are presented for 1sy /2, 251/,
1p3/, and 2s3,o orbits of protons. Each state is normalized as [ (r)i(r)dr = 1. Notice that the smaller
component gn;;(r) is indeed minor compared to the larger component fp;;(r).

e In TABLE 4, the single-proton energies of protons are summarized. The DEQURK method approximately
reproduces these energies obtained from RHB with DD-PC1 Lagrangian. The small deviation is due to the
fitting errors in potentials.



TABLE 4: Single-particle energies for protons in °°Sn. The unit is MeV. The scalar and vector potentials are plotted
in FIG. 1. The corresponding results from RHB with DD-PC1 are also presented [3, 4].

Orbit DEQURK (Runge-Kutta) RHB with DD-PC1
1s1/2 —48.888 —47.985
2512 —20.653 —19.528
1ps/2 —39.562 —38.346
2p3 /2 —6.981 —6.767
1p1y2 —38.354 —37.240
2p1/2 —5.781 —5.300
1d5/2 —28.429 —26.976
1d3/2 —25.306 —23.975
1f7/2 —16.386 —14.987
1f5/2 —10.957 —9.553
40 1 Sn-100 + pro‘ton, S(r)+W(r)
S(r)-W(r), 1/10
2 ¢f DD-PC1 - -
% L R e SV O NN
% 0r AZ/AAAAAAAAAAAAAAAAAA,&
g 20 | ,{ -
= /
60 4227 2, Y 4 i

0 2 4 6 8 10 12 14 16
r (fm)

FIG. 1: The scalar and vector potentials used for p+!°°Sn system. The corresponding results obtained from RHB
calculation with DD-PC1 Lagrangian are also plotted [3].
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FIG. 2: The Dirac-spinor functions, Fn(7) = an;(r)/r and Gn(r) = by;(r)/r, obtained with DEQURK for 1s, 5,
251/, 1p3/2, and 2s3,5 orbits of protons.
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