Note for HFB and QRPA applied to collective excitations
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The quasiparticle random-phase approximation (QRPA), within a framework of the nuclear energy
density functional (EDF) theory, has been a standard tool to access the collective excitations of
atomic nuclei. For an efficient solution of this QRPA problem, finite-amplitude method (FAM) was

developed.
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I. CONVENTION

Conjugation: as our convention,

x* - -+ complex conjugate of the scalar x,

XT... Hermite conjugate of the operator X. (1)

Note that the Hermite conjugate will be applied also to
the matrix quantities.

Particle operators: in this note, the original and
quasi-particle (QP) operators are represented as

CL & cg - -+ Original creation & annihilation,

az & ay -+ QP creation & annihilation.

Of course, {c,t, cl} = {aTk, al} = ¢ for fermions.

HEB-ground state: the state |®) indicates so-called
HFB vacuum state. Thus,

ay |®) = 0. (2)

Note also that ¢ |®) # 0 in general. To avoid the con-
fusion, the vacuum of ¢ is noted as ¢ |—) = 0 in the
following. In the HFB formalism, this vacuum |®) coin-
cides the HFB ground state (GS) of the many-body sys-
tem of interest. If the pairing correlation vanishes, the
HFB GS becomes so-called HF GS: |®) = |HF), where
[HE) = ¢l -} |-).

Hamiltonian: Hamiltonian for multi-fermion sys-
tems, including up to the two-body interactions, is given

as
~ 1 _
H= Z leczcl + 1 Z Z Vab,ed (Cbca)T CdCe, (3)

kl a#b c#£d

in terms of the original particles. Notice that, for her-
miticy HE = H, the coefficients €x; and Tgpcq must be
REAL. The consistent energy-density functional £ is de-
termined as the expectation value of H via the HFB GS.
That is,

5[p,/€,/i*]:H¢E<(I>‘7:[‘<I>>. 4)

Of course, this £ is REAL.

* E-mail: toishi@phy.hr

II. BASIC FORMALISM

For basic formulas of the EDF and QRPA, read also
Refs. [1, 2] carefully.

A. Density matrix and pairing tensor

We start from the (relativistic) energy functional
Elp, k,k*] = (P |H | P), which is a functional of the
DENSITY MATRIX and PAIRING TENSOR [2]:

PRl = <(I> | c;ck | <I)> , (5)
© Pl = <<I> | cle | <I>> = Plks
Rl = <(I> | CiCk | (I)>’ (6)

& —Kp = <‘1> | c}tcl \ <I>>,

where |®) is the HFB ground state (GS) and cL is the
creation operator of the original particle (fermion). Be

careful for the opposite labels between py; and czr ¢y, inside.
It is worthwhile to determine the density-pairing su-
permatrix:

®|clep | D) (@] e | P)
®|clel | @ <<I>\cch|<I>>

:(_f;* 1_’}). ()

Indeed, this satisfies R? = R in any case.

B. Quasi-particle space

Bogoliubov transformation:
ar = U,Ilcl + Vlecj
az = Viger + Ulkcja (8)

or equivalently,

()=o) () =w ()



where ¢! (c,) is the original s.p. creation (annihilation)
operator for, e.g. the (ng,la,ja, M) orbit. Note also its
inverse transformation:

1)) - (v o) ()
(c¢ a VU a;
This transformation must be unitary, in order to keep
the anti-commutation property:
WIW =Wwit =1
— {cl,cl} = {aL,al} = 011 (11)

Also, this transformation is determined so as to diago-
nalize R as

®|alay | @) (®|aay|®)
<I>|a}a£\<1> <<I>|ala};|<1>>

:(8?) (12)

This condition determines the HFB GS, |®). In this

sense, the HFB GS must be vacuum for a,t and ag, except
the constant shift: aj |®) = 0. When the HFB solution
is obtained in such a way, for the quasi-particle density
via the HFB GS,

& = (P | aval, | @) = 0, (13)
Thus, the consistent operator must be formulated as

é: Z la,) (ap|, where |a,) = al |D) , (14)
p

WIRW =

to satisfy that £, = <au ‘ é ’ al,> = 0.
Matrix variables pg; and Ag; can be now represented
by the Bogoliubov matrices:

w=VV"), eu= VU, =-(OV),.
(15)
As long as |®) is the vacuum for the quasi particles a£

and a;, the following identity stands:
<<I> {ajai, (alak)q <I>> = <(I> | {[ai, (alak)T] 7aj} | <I>>
= 0indj1 — 0;%041, (16)

where {A, B} = AB + BA. For example, let us consider
an Hermite operator 7L, which has the form

~ 1
k#l
where HX = (—)H? is automatically required for

fermions, since (aya;)’ = (=) (aax)’. Then, the iden-
tity (16) helps to compute the expanding coefficient H, 1»2]0.
That is

(@ | {las,

HZQJO = <‘P [ajai77-L] @) = H] 7(lj} | q)> . (18)

Indeed,
1
RHS = 52 Sikdji — 8jdu) Hiyf
k#l
1 20 20 20
=95 (Hu - Hj; ) H7, QE.D.

Similarly, for the coefficient H ,111 for >, a,ial term, one
can proof that

(81 {[oueln].

HY} = (@ | {laH],al} | @). (20)

a;} | <I>> = Oi0j1, (19)

and thus,

C. Many-body Hamiltonian

The single-particle Hamiltonian A and the pairing po-
tential A are obtained as variation products of the energy
functional with respect to p and , respectively:

o€ o€
Awilp, k, k"] =

8I€kl (21)

Be careful for the opposite indexes of hy; and p;;. Note
that bt = h as well as hT = h*, consistently to that Pl =
pri- Also, one can formulate A and A in the supermatrix

form:
( h A\ R
HZ(—A* —h*>_ oR (22)

where R is giev in Eq. (7).
In order to hold the consistency to Eq. (2
Hamiltonian should be represented as

Z hklckcl + = Z [Aklckcl + Aklclck} +Nq> [ ]
k;él
+const., (23)

(® | H | ). Here Ny means the nor-
mal ordering with respect to |®): <<I> | No[.] | <I>> = 0.

Also, it is sometimes useful to represent the first term as
Z hklczcl Z hklckcl + = Z
ki

where we have utilized hT = h*.
On the other side, the original form of ‘H was, of course,

H = Zeklckcl + - szab ed (CvCa) Cdccv (25)

a;éb c#d

in terms of the original particles. The relation between
(h,A) and (e,?) can be indeed given as

hig =€ +Tr, = E Ukq,lpPpg>

1), the total

since E[p, k, K*] =

Yhij cz (24)

1 -
Ak:l = 5 %q:vkl’pqlipq. (26)



The proof of this relation is from Wick’s theorem.
Namely, we can utilize that pg;, Kk and —Kj,; are nothing
but contractions of cl ¢k, cicp and cl ! for the HFB GS
|®), respectively. Thus, for the four- pomt term?,

(coca) Cace = peachca + pasch | 1

Cec — PdaCpCc — PcbCqCd
—Kp,CdCe + ncdclc;g
+PcaPdb = PdaPeb — Kpaled
+Na [, (27)

where pp and k*k terms provide only a constant shift.
Substituting this identity into Eq. (25) leads to Eq. (23).
Note also that
b = (@ | {A} @), A=lamH],
Ay, = (@ | {Ar, e} | @),
~Ap=(®{Bud} o), Bi=|dn],
—hi, = (@ [{Br, ek} | ©), (28)

as Eq. (7.40) in Ref. [3]2

D. Quasi-particle representation

By using the quasiparticles a;r (creation) and a; (anni-
hilation), the same Hamiltonian reads?

N 1
H=Hep + Z H}jlajaj +3 Z [Hfjoa;ra; + h.c.}
j i#]
al3a, +h.c., a”af) , (29)

*

+Hr (al4 +h.c.,

where Hgp = <<I> ’ A ‘ <I>> and the residual term Hpg con-
tains all the four-point products. Namely,

HR:Z {H”kla al akal +h.ec —l—ijla a; akal—l—hc}
ijkl

1
+3 bZd H2 i (apaa) " agae. (30)

Notice the factor 1/4 in the last term.

(i) When one takes the expectation value of H via
the HFB GS, it explicitly vanishes except the first term:

<<1> | H — Hy | ¢>
which is nothing but the energy functional, is given as,

= 0. This vacuum expectation value,

1 See Eq. (7.47) in the textbook [3].
2 For the proof, remember that {cl, Zij cgcj- hij] = Zj ¢jhy; and

[CL, Zij CIthij] = Z,L thik, etc.
3 See Eq. (E.18) in Ref. [3].

from Egs. (25) and (27),

He = Ep.w, k"] = <q>\ﬁ|q>>

= Z €kIPIK

+ Z |: pacvab cdPbd +

1
'%bavab cdFde | - (31)
ab,cd

4

(ii) For the coefficients Hilj1 and Hfjo in Eq. (29), from
the Bogoliubov transformation, one can find that

Hij = {UThU = V'V +UTAV —VIA*U}

_ {(m,vf) < oA ) < 5)} (32)

as well as,

H ={U'hV* — VIR U* + UTAU* —viav}

- {(U*,V*) ( N ) ( v )} (33)

Remember also that, from the identities (16) and (19),
those can be calculated as

by (o1 (0.1} 1),

H20 (@[ {lai, #H], a3} | @) = (@ [a;a;, H] @) . (34)

(iii) Now it is worthwhile to determine the superma-
trices H and H’ as

h A Hll HQO
H:<—A* _h*>7 H/:<_H20* _Hll*)' (35)

Thus, from Egs. (23) and (29

nian reads

1 c
H=—-(cl,, ¢ H(%
2(% H) Ci
)

), the many-body Hamilto-

) + N [..] + const., (36)

HY ( Z# ) Y Hr  (37)
1

Because of the unitarity of the Bogoliubov transforma-
tion, WWT = 1, comparing the quadratic terms in both
equations, one naturally concludes

= Hg + (aT,

N | =

H = WHHW. (38)

How to concretely determine the Bogoliubov transforma-
tion W ? The answer to this question is simple: it must
be determined so as to realize the vacuum state |®) as the
ground state of the Hamiltonian 7. This condition can
be satisfied by solving so-called Hartree-Fock-Bogoliubov
(HFB) equation.



IIT. HFB EQUATION

If the state |®) is truly the GS of #, its functional
derivation should be zero for an arbitrary way of the vari-
ation*: |®) — |®) = |®) + |§®). That is,

6(P" | H|P)

s = (39)

From Thouless theorem, one can generally represent an
arbitrary HFB-functional shift from the GS by using the
Hermite operator,

g= Z ZklaLa;f +h.c. = Z ZklaLaI + Z ayay (Zk-’l’)T

k<l k<l k<l
1 *
=3 > [Zav(avaa)' + (<) Z5, (ava)] - (40)
a#b
Then the functional variation can be represented as®
') =€ |®). (41)
We now expand it up to the second order:
2 2
|®') = {1—#2@— g} |®), (D] = (P {1—2@— QQ}
(42)

Thus, up to the second order of G, the energy variation
reads

@ 3| 0) = (@] (10,14 57 ) o), (43)

where J is the double commutator:
J = 20HG — HGG — GGH = (G, HG — GH].  (44)

Now we need to do some calculations:

(®' | H |9y = Ho + Hi + Hy + O (G%),

where

Hi= g (@ { Zu [(@ar)!, 1] + ()75 [aar, H] } |9),
Z Z {Zkl alak)Ta [H, (anam)T” Zmn
k;él m#n

+ Za [(war)', [H, anam]] (=) Z5,
+ (_)Z;l [alaka [/H> (anam)T” Zmn
()2 [anaps M, ana]] () Z5 } 1)

4 This discussion is copied from Sec. 7.3 in Ref. [3], but with some
corrections.

5 If G was not Hermite, the norm of |®') cannot conserve. This
condition is equivalent to that the operator iG should be anti-
Hermite.

(45)

Defining the following notations,

Y = (@laa, M ®) & G = (@ [ ()| @),
(46)
then the H; term can be represented as
Hy = Z [ZuGE* + () Z5GRY - (47)
k#l
Notice that, from Eq. (34), G?° = H?? and G*°* = H?0*,
indeed.
Similarly for the Ho term, we define®
Aabed = <<I> [abaa, Ha:[az — aTa?H} <I)> ;
(Ea + Eb)5m 61)(] + ]Iab ,eds
Bub,(:d = (*) <(1) |:a1)(1/uw H(l([(l(‘, - (I'(I(]/{:H:| (1)>
=41 Hapea, (48)

as Eq. (8.200) in Ref. [3].
Hs can be represented as

With these A and B matrices,

Z Z (Zkl Bkl ngm" + ZklAkl mn( )Z;;m
k;él m#n

+(_)ZI:lAkl’ngmn + Zl::Fl(_)Bkl,ng:m) (49)
Thus, finally
- b 2 kl > Z*
k#l
1 * Aab cd _Bab cd ch
+3 Z (_Zabv Zab) ( _B* ’ A* ’ 7%
8 atb, ctd ab,cd ab,cd ch
+0 (Z?) (50)

Therefore, the variational principle leads us to conclude
that

O@ | HI®)|  _ o

02 |y S

0(¥ | H|P) L 0 )
8Zkl Z%=0

This condition determines the Bogoliubov transforma-
tion: W1 should make both H?® and H?%* to be zero. In
addition, we have still one degree of freedom, the unitary
transformation among quasi particles, aj, = _, Yiay,
which does not affect the last variational condition. This
Y} can be fixed to diagonalize the last matrix H'!.
Summarizing the above discussions, from the varia-
tional principle with respect to Eq. (41), Bogoliubov

6 These matrices A and B are indeed QRPA matrices as written
in section 8.9 in the textbook [3] by P. Ring and P. Schuck.



transformation W' must be determined so as to realize

Hll H20 N h A N
H = (_HQO* _H11*> :WT(_A* —h* ) w

_ < Diagg(Eu) —Diag(E;) > ' (52)

where the eigenvalues of H!! should be real because of
the Hermiticy of h: Ej = E,. With this solution, the
total Hamiltonian takes the form,

H:H¢+%(aL, )H’< >+HR
¢

=He + Y Euafa, +Hr. (53)
"

For actual solution of the Bogoliubov transformation, one
needs to solve the diagonalization problem of H:

h A Ulm _ Ukm
ZJ: ( —AY —h* )kl ( Vim ) = O ( Viem )

(54)
The above form is usually called as HFB equation. Thus,
the HFB energies are obtained as the eigenvalues of H
from this equation.

A. Time-dependent version of HFB

The HFB formalism can be naturally extended to
the time-dependent (TD) case. First remember that
the time-dependent Schrddinger equation, ifi|¥(t)) =
H |T(t)), is equivalent to the time-dependent variational
principle:

5 <\1/( ) {zhgt - 7—[] Ut )> =0. (55)

Instead of a general trial state |¥(¢)), in TD-HFB frame-
work, we consider the TD-Slater quasi-particle (QP) de-
terminant: |U(t)) = |®’(t)). This |®’'(¢)) is the vacuum
of the TD-quasi particle operators.

In general, CL and ¢, can be used as the STATIC basis
to represent the TD energy functional. That is,

H'(t) = ; [cl,, e JH(2) [Zf ] + N [...] + const.,
o 1 a a / ai(t)
= a0+ 3 [ (0, st W0 | 21
+HR(t)7 (56>

where Hg(t) = (@’
trices read

(&) | H(2) [ (2))-

Here the superma-

h(t At

and

H'(t) = <

Hll (t)
_HQO* (t)

HQO t R "
Sy ) = wionew

(58)

Of course, the TD-Bogoliubov transformation must sat-
isfy that W(t)W1(t) =1 at any time.
Le us consider the TD Hamiltonian given as

H'(t Z HIMNt a;(t)

Y [H%?(t) (a(t)

k£l

ar(®)’ + hee. +...(59)

At t =0, of course, H}' (0) = E;d;; and HpP(0) = 0. For
the quasiparticle operator, its time-evolution is described
by the Heisenberg equation:

0 .
ihscan(t) = [H/(1), ax(t)] (60)
If there is no perturation, simply ax(t) = e®F*/"q; and

af (t) = e~ "Fi/hgf In this case,

H' (1)
ij
! —i
+3 g;l [T BBV ) (aap) + Dec.) + .. (61)

Otherwise, when it has a deviation as

af(t) = B o] + (¢ } =Y Dim()am,
ay(t) = " FR/P {ak +nd} () } Z Dy (t)
then ... (I am writing).



IV. QUASI-PARTICLE RANDOM-PHASE
APPROXIMATION (QRPA)

For the nuclear excitations, we often adopt the rel-
ativistic QRPA procedure developed in Refs. [1, 4].
Namely, after the relativistic H(F)B solution, the quasi-
particle nucleon operators are determined as a;ﬁ and a, .
Using the QRPA ansatz, the excited state |w) is formally
given as

Hlw) = Eu|w),
Zlw)|e), (62)

where |®) is the relativistic H(F)B ground state (GS) of
the A-nucleon system: # |®) = Hg |®). This formalism
can be always validated as,

jw) =

Zlw) =|w) (@], Zw)=®) (wl,
= |w) = ZM(w) |9,
) = Z(w)|w), Z(w)|®)=0. (63)

Thus, the Eq. (62) is equivalent to that, for the operators
ZT(w) and Z(w), they follow

[72, z?f(w)} — hwZt (W), [7—[ é(w)] = hwZ(w),
(64)

where fiw = F,, — Hg. Note also that, when one defines
an anti-Hermite operator W(t) as
W(t) = ZH(w)e ™ — Z(w)e™, (65)
then it follows
in W) - [H Vv(t)] (66)
ot ’
Therefore,  considering the time-developed state,
|®'(t)) = VB |®), it satisfies the same Schrodinger

equation of the original-HFB GS, |®), via H:

0 / _ 47 /
iho, 19(2)) = H[2'(1)) . (67)

Note that the anti-Hermiticy of W(t) is needed to con-
serve the norm of |®) (¢t = 0) and |D'(¢)).

The excitation operator Zf(w) with the QRPA ansatz
contains the modes up to the 1QP-1QP channel:

1

2(w) = 5 Y {Xao @OLN = ¥, @O}, (68)
pFo

where @((,{,’P) = [a, ® a,,](J’P) coupled to the J¥ spin and
parity. In the following, for simplicity, we omit J%:

O(‘I Py aya,,

Z W) = 5 Z {Xpa<w)a;a:rr - YP*U(W)(IUGP} . (69)
pFo

Notice that, even though a,|®) = 0, the second term
cannot be omitted: this property does not yet guaran-
tee that Y (w) = 0. By considering the requirement on

ZH(w) as in BEq. (72), indeed, Y, (w) is shown to be pos-
sibly finite. On the other hand, terms of a:f,ap and agal

can be neglected in Zf(w), as explained in Sec. IV C.
Then, by solving the matrix form of the QRPA equa-
tion, excitation amplitudes are obtained:

(A B)(X(w) )-M(I 0 )(X(w) )
B* A* Y*w) ) 0 —1I Y*(w) )’

(70)
where A and B are the well-known QRPA matrices [1, 3,
4].

A. Derivation of Eq. (70) from Eq. (64)

As shown in Eq.
satisfy that,

(64), the excitation operator must

[7%, zf(@} — hwZt(w) + N [a<4>} . (1)

where Ny indicates the normal ordering with respect to
|®). We neglect these quadruple normal-ordered terms:

[ﬁ,éT (w)} ~ hwZt (). (72)
For the following works, note that
<<I> [a,,au, (a,,ap)Jr] <I>> = 0,p006 —
<q> [(auau)T, aaaﬂ] q>> = Opuodup —
(i) For X,,(w), from Eq. (72
<<P {aya#, {ﬁ,éf(w)” <I>> = hw <<I> [al,au,zf(w)] ©>.
The right-hand side of this equation indeed reads

% = <(I> [al,au,ZAT(w)} <I>>

7ZXW <‘I) ayQy, (aoap)T] q)>

§/w§1/p7
SupOve-  (73)

), one can take that

-2 ;ng(w) 8upOve — Ouslup)
= % (Xw/(w) - XUN(W>) = XHV(OJ)'

The left-hand side can be formulated as
LHS = <<1> [al,a,“ [ﬁ,é*(w)ﬂ <1>>
_ % > Xpo (@ [wau, Hajal - afal#] @)
;Z Sy <<I> [al,au, Haga, — a,,ap"y':[} <I>>
=y X::AW,,,U +>Y,

p<o p<o

Buu,pcﬂ (74)



where the pair-by-pair matrices, A and B, are defined as

A ap = <<I> [a,,au, Hal aﬁ — a H} > (75)
B = <<I> {QBGQH Haga,, (a,,au)q <I>>,
Basg = (—) <<I> [aya#, Hapan — algaa’lﬂ <I>> ,

=) (@ [af

See also Eq. (47) in Ref. [1]. Therefore, the first equation
reads

> XpoAvpo + Y,

p<o p<o

a;?—l - ﬁala};, (ayaM)T} (I>> .

By po = X, (w). (76)

(ii) Similarly, for Y, (w), one can take that

<¢> H”H éf(w)} ,(auau)q «1>> — hw < [é*(w), (auau)q > :
Then, the RHS reads

RS ([, (wan)])

7)% Z Y, (w) <<I> [ﬁaaap - ac,ap")':L, (aua#)q <I>>
= Z Xpa( ;u/ po Z

p<o p<o

(77)

/_w po*

Finally, the second equation reads

Z Xpo’ nv,po Z Yp*aA;_kw po

p<o p<o

= —hwY;, (w). (78)
Equations (76) and (78) are equivalent to Eq. (70).

B. Notes on QRPA formalism

(i) Because ag |®) = 0, A and B matrices can be sim-
plified as

Agpcd = <‘I) | apaqg (”Halad —a aZH) | <I>>
Bab,cd - <(I) | aba'aa'dacH | ¢'> . (79)

Also, these QRPA matrices can be represented in terms
of the (relativistic) EDF quantities. For the A matrix,

the relevant term of H is Dt 2o Hi k,aia ajay /4.
Thus,

Aab,cd = <(I) |:ab(1'“’ H(Liad HTG(IIH} (I)> '
— (Ea =+ Eb)(sac(sbd + Hub ,cd?

()hub
Eu + Eb ()(u 5!)(1 + 80
= (Bt B)uctia + 52, (50)
where h,, = d <. Similarly, for the B matrix,
Bap,ca = (—) (® [apag, Haga. — aqa.H] P)

(’)h 1’

— 9% g g4 81

F) pZd abed ( )

See also Eq. (47) in Ref. [1].

(ii) If the pairing correlation vanishes in the ground
state, QRPA becomes a simple RPA. In this case, |®) =
|[HF), and thus, with (m,n) > ep (particle states) and
(1,7) < er (hole states),

O
A;Au,aﬁ > Ami,nj = (Em - Ez)émn(sz] + )
6pnj
Ol
B,,a —)Bmznzi 82
v, 1] apjl] ( )

Notice the minus sign for the hole-state energies.

C. Why there are no aia* neither a*al terms?

In the QRPA ansatz, the excitation operator Z(w) does
not contain the ai as neither a*al terms. To confirm this
neglectability, let us consider the following operator:

A 1 .
Viw) = 3 Z [Spo(w)ala, — T (w Jasal].  (83)
pFo

The second term, however, is meaningless: it can
be renormalized into the first term by using apag =

(=)ala,. Then, this Y(w) should satisfy that
[ﬁ,jﬁ(w)} ~ hwY(w). (84)
For S,s(w) in the right-hand side, one can find that
<<I> [aa af,ap} a; | <I>> = 0ao08ps
— <<I> [aa, hwjﬁ] al, | <I>>

1
= h“’i Z 5a05/395pa(w) =
p#o

However, from the LHS of Eq. (84), one should find that
(® [aa, |7, Viw)] Jaf1@) =0, (36)
because H = Hgp + > EHaLau + Hp after the HFB

solution, and both three terms yield zero in this braket
product. Consequently, Sgq(w) = 0.

Sgal(w).  (85)



D. Strength function

In our recent study, the M1 excitation up to the one-
body-operator level is considered. Namely, the A-nucleon
M1 operator is given as Q,(M1) = Y okea Pk (M1),
where ﬁl(/k:)o,ﬂ is the SP-M1 operator of the kth nucleon.
Its strength can be obtained as

d:;M = 308, - ) X (w

for all the positive QRPA eigenvalues, fiw; > 0. Note
that, in this work, we neglect the effect of the meson-
exchange current as well as the second QRPA [5-10],
which needs further multi-body operations but beyond
our present technique.

2
, (87)

Q. (M1) | @)

V. TIME-DEPENDENT VARIATIONAL
PRINCIPLE FOR QRPA

Theorem: a general time-dependent equation,

iho, [ (t)) = HIp(t), (83)

is equivalent to the variational equation,
5 <¢(t) [mat - 7—4 ¢(t)> —0. (89)

This section is devoted to introduce another deriva-
tion of the QRPA equation from the time-dependent
variational principle. The QRPA scheme is one approxi-
mated case of the above, general variational principle: for
trial functionals, instead of general ones, we limit up to
the single Slater determinant of the quasi-particle (QP)
states. There, the trial functionals are allowed to be time-
dependent. However, its deviation from the GS (¢t = 0)
is limited up to the 1QP-1QP channel.

We consider the excitation from the HFB GS, |®), by
the anti-Hermite time-dependent operator F¥(t). That
is,

OF"(t)
ot

N N N T ~
H(t) = H +ih , with (]—'”(t)) = —Fr(t). (90)

The corresponding time-development is given as
.t
= |®'(t)) = exp {;/ dsﬂ'(s)] |®) ,
0
— e—ith)/ﬁ . e]}y(t) |©> , (91)

where Hgy = <<I> | A | <I>> can be the scalar quantity

already. Namely, this time-development is formally
driven by the original Hamiltonian plus the external field,
H'(t) = H + G(t), with

OF"(t)

G(t) =ih 5

(92)
Notice that GT(t) = G(t). Also, the operator F*(t) is
dimension-less, whereas G (t) has the dimension of energy
as well as the Hamiltonian.

In the QRPA ansatz, excitations up to the 1QP-1QP
type are taken into account”:

FU(t) = ;I; P4 ) (@an)! = B (aar] . (93)

Notice that k # [ for the excitation. In the following,
the excitation strength FY (¢) and FY*(t) are assumed
to be a perturbation against the initial GS. Namely,

7 See Eq. (8.199) in Ref. [3].



7 =Y. |F(;’b(t)|2 is a small, dimension-less parame-
ter, indicating the typical ratio between the excitation
and ground-state energies: 1> 7? & (Fexe. — Ha)/Ho.
If the state |®'(¢)) is truly the excited eigenstate of H,
the functional variation of <<I)’(t) {iﬁf)t - 7:4 (I>’(t)> must

be zero. In the following, we calculate this quantity.

(1) - exp. value of H: In analogy to Eq. (50), one can
compute the expectation value of the original Hamilto-
nian with respect to the timely-evolved excited state:

<c1>'(t) | | <I>’(t)> - <<I> | e 7O ® | <1>>
= Ho+ (0 [H, 7 ()] @) +
where
X=FFH+HFF -2FHF
= ([ 7] 7] = |7 |7 4] = |#.- [#. 7] 09)
Here it is also worthwhile to remind that, for the external
field,

(21 6(1) | @/(1)) = <q> | e—f%t)ma];%ﬂo | q>>

<q> | h@ | <1>> (96)

<I>> =0, and thus,

3 (@1 X1 ®) +O(Fm)

since (P |asa, | D) = <<I> ‘ alal

(@) |7 W) 20) = (2@ |7 &W).  (97)

Therefore, the time-dependent expectation values of the
original H via |®'(¢)) is always the same to that of the
total, time-dependent Hamiltonian, H'(t) = H + G(t).
Thus, the HFB-excited state, |®(t)), must be the eigen-
state of the original Hamiltonian #, as well as the HFB
GS.

For the HFB GS |®), the first-order term in Eq. (94)

is approximated to vanish: <<I> [’}:l, ]:'(t)] <I)> =~ (. This is
equivalent to that, remembering Eq. (53) after the HFB
solution, we neglect the term of Hp for this excitation.

The second term in Eq. (94), on the other hand, can be
represented as a matrix form:

1
L@l x|e)
1
= A Z Z (CI)| {Fkl [(alak)T, -
k#l m#n
+ Fr [(war)', (1, anam]] Fr,,
+ F];kl [alak7 [H, (anam)T]] Fon

[H, (anam)T]] Fon

+ i [aar, = (1, anan]) iy | 19)
- s, mol (5 5
a;ﬁb c#d ab,cd

bt

where the QRPA matrices A and B are defined as the
same in Eq. (48)8.
(2) - On the other side, the time-derivation term reads
%
Hg + ih a

(w0 ling, 19/0)) = <<I>’<t> ’

= Hy +ih<<I> e (ﬁ) e’ | <1>> : (99)

and taking up to the second order of F¥(t),

:Hq>+ih<c1>\ [atﬁ” ﬁ} |c1>>+@(ﬁ”3).

NH‘I’+4Z{

) (ih0 Fyy) + Fi(t) (*ihathgl*)}

I#k
. FY(t)
= Hp + - ; ), FX( )]zh@t{_ng(t)]. (100)

(3) - From Eqgs. (98

<<I>’(t) [mg - ’H] c1>'(t)>

1 ZZ )s Fi(t)] Mt ca {g%((?) } ,(101)

C

) and (100), one can formulate

z;% c£d
with
1-iho, — 4 -£
Mii,ca = ( B* oL A . (102)
— 5 71'271815*7 kl,cd

Then, considering the TD variational principle,

6f§(t) <q)'(t) [mgt — H] @’(t)> =0,

where f(t) = FY,(t) or F'(t), the time-development of
the excitation operator should satisfy that

(1 OA)’Lha |:Fk:l(t):| (Akll] Bklz]) |:Fz]<t):|
0 -1 CLEs ) Biiii Ak Fi) |-

(104
Or equivalently,

- Fkl(t)} ( Apij
ho, * = *
e [ Fr(t) =By ij

(103)

S, )] oo

Up to this point, the form of Fy(t) for the alaj term has
not been limited.

(f) as final step - Now we limit the time-development
form of F};(t) to the oscillator type. That is, with real
constants (Pab, Gap ),

FCZL)g (t) = Xab(p)eiitpab + Ya*b(Q)eitqaba (106)

8 Indeed, the result (98) can be obtained from a simple replace-
ment, Zgp = —iFg, and —Z7, = iFg, in Eq. (50).



or equivalently,
Fy (t) _ efijn“thkl I eéq“'btyk*}
g (t) e~ Habtyy, ezputh;:l )

. hp, beiip‘“’thl hq beiq“bty*
= Zhat [ ] = ( hqzbe*iqabtykl - hp:beipathlzl .

(107)

(We neglect the subscriptes ab for (p, ¢) in the following.)
By reformulating this RHS, and by applying it to Eq.
(105), we show that

a —ipt
wal= (" ), ()
_ ( hql 0 ) ( €'Yy (q) )
0 mpi ), \ "X D)
_ ( A B ) (Xkl(p)e,“” + Yy (e >
—B* A" ] o \ Yau(@)e T+ Xp(p)e™ )
Therefore, by comparing the matrix coefficients, it finally

leads us to the general matrix form of the QRPA equa-
tion. That is,

(108)

A B e X\ _ [ hpl 0
-B* —A* ab Kl e—ithkl B 0 hqi )

(109)
and its complex-conjugate,

( A B ) (e?qtygl)__(hq:’[ 0 )()
—B* —A ab,kl e X3 0 hpl )

(110)

Note that the equivalency between Egs. (109) and (110)

is coincident to the anti-Hermiticy of the excitation op-
erator F“.

The usual QRPA equation is obtained by determining

p=q=uw:

A B X\ Xy
<B* A*>abkl<Ykl>hw<Yab>’ (111)

Another convention is to determine p = w—it(E,+ Ep)/h
and ¢ = w+it(E, + Ep)/h. This means a frequently-used
format of 1 (t) as

F;;)(t) _ eit(Ea-‘rEb)/ﬁ {Xab(w)e—itw + Ya*b(w)eitw} 7
(112)
where Ej is the HFB energy.

A. Interpretation of QRPA (2020.02.08)

From the assumption of F,(¢),
Fup(t) = Xap(p)e ™" + Yy ()™

— F(t) = % Z {Xape ™ + Y} (aqas)’
a#b

1 ) .
~5 Z {X5e™ + Yape '} (aqap), (113)
a#b

10

where X (p) and Y'(q) are obtained from Eqs. (109) and
(110). Thus, the corresponding “external field” in addi-
tion to the bare Hamiltonian is give as

G(t) = ihd, F(t)

1 ) )
9 Z [hpXe™ ™" — hq¥yie'™] (aar)’ + h.c(114)
P

Here we utilized the anti-Hermiticy of F*(t) to save the
calculations. By the way, G(t) can be also interpreted
as the induced Hamiltonian, from the time-evolution of
the quasiparticles. Consequently, the QRPA solution can
be linked with the perturbation for the TD-QP solution,
which invokes the 2QP-0QP and 0QP-2QP components
of the TD-HFB energy for ¢ > 0.

It is useful to express the induced Hamiltonian in terms
of the QRPA matricies and solution. (I) Now we fix
p=w-—FE/hand ¢ = w+ E/A In this case, the
G (t) reads the expected, usual form of the Hamiltonian,
containing e*P*/" with E = Ej, + E;:

5 1 ~20 Tt
g(t) = 5 > GR(tafal +hec. (115)
k£l
1 iBt/h [ A@)20 i (@02 iwt] 1
=3 Ze t/ [le i G et apa; +h.c.,
k£l
where

G = (hw — B)Xp, G = (hw + E)Y;5. (116)

(IT) In parallel, if we fix p = ¢ = w in Egs. (109) and
(110), the alternative formula is concluded:

hwXy = (AX —|—BY);€[, thl:l = —(AY* -‘rBX*)kl.
(117)
Notice that the QRPA solution, (X,Y )y for w, should
be common in the cases (I) and (II), as long as the same
QRPA matricies are shared. Therefore, by combining
the above results,

G2 = (A - E1) Xy + BYi, (118)
GWO — _BX}, — (A— E1)Y,. (119)

This is the induced Hamiltonian written in the format of
Eq. (115). Be careful that G30(t) does not need to be
real (Hermite) anymore.



VI. FINITE AMPLITUDE METHOD

The detailed formulation of FAM-(Q)RPA can be
found in Refs. [2, 11, 12]. We briefly follow these works
to arrange the formalism necessary in this work. First,
we assume an external time-dependent field inducing the
polarization in the HFB ground state. That is,

1 = n/dw [F(w)e

where 7 is an infinitesimal real parameter. In this article,
F is restricted to have the form of the one-body operator.

That is,
Z fkl Ckcla

where cL and ¢; are the original-particle creation and an-
nihilation operators. It is also worthwhile to represent
F(w) in terms of the Bogoliubov transformation. That
is,

—iwt + FA‘T(w)eth} , (120)

(121)

7 1 w w
Fw) =3 3[R (@a,)t + FL°
nAY

+ ZFS;)H(LL&,,,

v

a,,aﬂ}

(122)

where aL and a, are the quasiparticle creation and anni-
hilation operators, respectively. The expressions of Fﬁg,
FSS, and Fjl in terms of the Bogoliubov transformation
is summarized in Appendix B. Note also that, in the level
of the linear-response approximation with respect to the
HFB ground state (GS)?, the 3rd term with (ala,) in
Eq. (122) can be neglected, from the similar discussion
in Sec. IV C.

The time evolution of quasi particles is described by
the time-dependent Heisenberg equation,

ih%au(t) = [H0), au(t)]. (123)
Since the external field 77 (t) invokes a density oscillation
from the HFB density at ¢ = 0, the self-consistent TD-
HFB Hamiltonian can also have an induced oscillation.
Remember that, with the HFB solution at ¢ = 0, the
bare Hamiltonian reads

M =Hgp + Z Euala, + Hr,
m

(124)

with respect to the |®): #|®) = Hg |®)). On the other
hand, the TD Hamiltonian is formulated as

H'(t) = H + nK(t) + nF(t), (125)

9 This approximation is equivalent to neglect Hg and to assume
Hq> =0.
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with the induced field,

/ dwn

K(w) = 3 Z [K(“)Qo(a a,)t + K,S“,j)mal,au} (126)
wF#V
Notice that the F(w) and K (w) have the same structure.
Therefore, by using D(t) = K(t) + F(t),

H () =H + g > {Di?(lt)(alak)T + h.c.} ,

_iwt + f(]‘(w)eiwt} ,

k£l
=Ho+ Y Euala,+Hnr
I
/dw Z{ zth(w)QO ’Lth(w)O2*} (a au)T
wF#V
/dw Z{ —zth(w)02 zth(w)QO*} (avay).
w#Y

where D,(f,i)m = K,SL;)QO + F,S?QO. Here the last term is
h.c. of the 4th term, consistently to that #(t) is Hermite.
To extract the coefficient of (a;ay) or (aax)’ term, the
famous technique can be useful:

D () = (@ [aar, #(1)] @)

= n/dw {e_mD,(;)QO
as well as

nD(t) = (D) = ( [# (1), afai] @) (128)
= / dw {e—ithl(;)Oz B eithl(;)Qo*} .

We assume that the deviation from the static HFB
solution is represented as

a,(t) = et But/h [au + ndL(t)] ,

where the deviation part reads

ndT 777/de VH fzwt +Y* ( ) zwt] al'

(130)
Thus, at ¢ > 0, the HFB GS is NOT the vacuum any-
more: a,(t)|®) =0+ e'But/fy|d,(t)).
By solving Eq. (123) up to the first order in 7, it yields
the so-called FAM equation [2]:
By + By — hw] X, (w) = =D,
[Eu + By + hw] ,w(w) = *D;(f;)oz-
Or equivalently,

b X ([ (B, +E)X + K20 ([ F%®
-Y (E,+E,)Y +K» T\ FY2 '
uv pv uv
The quantities needed to obtain the multi-pole strength

are the FAM amplitudes, X, ,(w) and Y, ,(w), at the ex-
citation energy hw. Now the problem is how to solve

K% and K2

(127)

. eithl(;)OQ*} :

(129)

(131)



A. Time-dependent U and V matrices

In terms of the Bogoliubov transformation from the
original-particle representation, the FAM assumption is
expressed as

am(t) =Y (Uluer + Via(b)e])

l

=3 (Viaa+Vin(el),  (132)
l
and
zz( (ter + Upi(t)e])
Z( e+ Umlt)ef). (133)
l
For consistency with Eq. (129), it indeed means
Upn (t) = e B0 (U0 1.,
Viem (1) = et/ R [V 4. (134)

B. FAM-QRPA to the usual QRPA

Let us consider the expectation value of H'(t) at t > 0:
(@) | F (1) | @'(1)) = (@'(1) | Ho | @'(1))
+ (@) | D) | 2'(1)) .

where D(t) = K(t) +

(135)

F(t). Here the TD state reads

|®'(#)) = exp [;/Ot dsﬁ'(S)] @) (136)

. t
— o—itHa/h exp [—;LT]/ dS@(S)} |®) .
0

By comparing the formalism, we can indeed apply the
same discussion in Sec. V. Namely, by replacing

.7:"(t) — —n%/o ds’l5(s)7

s = i OF)
=ih——= D(t

6t =in?21 — o),
we can adopt the formalism in Sec. V. It is worthwhile
to note that, by using the expressions of K9 and K} in
terms of X, (w) and Y),, (w), one can transtorm Eq. (131)
into the matrix form [2, 12]: as given in Egs. (118) and
(119),

(137)

= % (Ao -
+ Z B;Lu po pa

(B, + Ev)6up0ue t Xpo(w)

(138)

12

and

K(w 02

ZBILLV po
+ Z {A;w po

where A and B are the well-known QRPA matrices [3].
Thus, FAM equation (131) can transform into the famous
matrix-QRPA equation'’

(6 5)-(5 2)] () - ()
0 -1 B* A* Y(w) ) \ F%2 )
(140
Solving Eq. (140), however, requires us to compute the
QRPA matrices which have large dimensions, and to
use impractical resources of computations. The essen-
tial trick of FAM-QRPA, which enables us to avoid this
demanding process, is that we keep Eq. (131), and solve

the FAM amplitudes iteratively with respect to the re-
sponse of the self-consistent Hamiltonian.

E + E,, 5;¢p51/a} Ypo(w)a(l?’g)

C. Numerical method for FAM-QRPA

The response of the self-consistent Hamiltonian,
§H29(w) and 6H})%(w), can be expressed in terms of the
induced fields [2]:

SH (w) = Utsh(w)V* — v*ah( y'u+
—VISA(W)*V* + UTSA(w)U*,

§H 2 (w) = UTh(w)"V = VT §h(w)U
~VISA(W)V + UTSA(w)*U  (141)

with the well-known HFB matrices, U and V [3]. In
the original paper of FAM-QRPA [2], the induced fields,
Sh, 6A and §A, were given by the numerical functional
derivatives. In Ref. [14], on the other side, these fields
were obtained based on the explicit linearization in order
not to mix the densities with different magnetic quan-
tum numbers K. Thanks to this explicit linearization,
the infinitesimal parameter 7 is no longer needed, and
the induced fields can be formulated in the similar man-
ner as the HFB fields. That is, dh(w) = h[py, k¢, Ryl
SA(w) = A'[py,ry] and SA(w) = A'[py,Fy], where b’
and A’ are the linearized fields with respect to the per-
turbed densities. These densities can be expressed as

) = +UX(w)VT +V*Y(w)TUT,
w) = +V*X(w)TUT +UY (w)*VT,

) — VY (w)VT,

)

~UY (W)Ut (142)

10 See the section 8.5.1 in the textbook [3].



The procedures that provide h and A for the HFB solu-
tion can be also utilized for the linearized fields, h’ and
A’, with a minor modification. For the iterative solution,
the Broyden method is essentially utilized to obtain the
convergence [15, 16].

D. Transition strength
Using the FAM-QRPA amplitudes obtained through

the iteration, the multi-pole strength distribution is ex-
pressed as
<7:
i>0

1 ~
— 1 :
- mS(F;w),

dB(F;w)
dw

0>‘25(w — Q)

(143)

where 7 > 0 denotes the summation over the states with
positive QRPA energies (2; > 0, and the response func-
tion is given by S(F;w) = tr[fps] [2, 14]. In order
to prevent the FAM-QRPA strength from diverging at
w = ; , we employ a small imaginary part in the en-
ergy, w — wy = w + iy, corresponding to a Lorentzian
smearing of I' = 2 [2]. The explicit formulation of this
smeared strength can be found in Ref. [12]:

G710, Lol #1)]

i>0

(144)

The contour integration technique is worth to be men-

tioned: one can obtain the discrete QRPA states or multi-

pole sum rules by taking a suited contour integration of
S(F;w,) on the complex (w,v)-plane [12, 17].

Appendix A: Useful formulas

e Ficld operator: the fermion field ¢)(x) in the (effec-
tive) Lagrangian can be generally represented with
the cf and c,:

= S uies ¥ = X (A
a
e Commutators:
[a}ial, a;fnan} = §mla;2an — 5nkainal.
[alaz, adac} = 5daacaz — 5caa,daz
+5Cba:;ad — 5dba};ac. (AQ)

e Time-dependent expectation value: if the TD state

is given as [9/(1)) = exp[~ithe +ind (1) @),

13

where JT(t) = J(t), the expectation value of arbi-
trary operator O is computed as

(@) 10]1)

= (@00 | @), (A3)

since Hg is scalar. Expanding it up to the second
order, one gets

~ <<1> | {o —in [j(t), o}

+ 2 [90, 050 - 300l }12). (a)

Note that J(t) must be Hermite, otherwise the
norm of |®) (¢t = 0) and |®’(¢)) cannot conserve.

Appendix B: External field

In the main text, we consider the external field of the
one-body operator form:

; 1 [0 €y
eSata-bie e (1) (1)
(B1)
In the following, we omit “—” and “|” for simplicity.

From the Bogoliubov transformation, WWH = 1, this
can be reformulated as

s 1 - f o ~ [ ay
Fegtat a )W (§ 5 ) (of):
Here the matrix calculation reads
i f0 .
W (0 . fT)w

ut vi(f o0 U v
ve ot J\o —f7 )\ v U

Utfu - vty utfvs —vifru*
VTfU UTfTV VTfV* UTfTU*
Fll

= <F02 F“ > (B2)

which is consistent to Eq.(122). Notice also that

(FQO)T _F2O and (FO2)T — —FOZ.

Appendix C: Electro-magnetic transitions

Electromagnetic multi pole transition:

Q= O(XAn),



where X = E(M) for the electric (magnetic) mode.
Those are given as Eqs. (B.23) and (B.24) in textbook
[3]. Namely,

QA(E/\M; T) = eeffTAY)\u('F)v

. - 29, « )
QMM ;1) = pin (VTAYM(F)) : (A Jgrlll + 938> ,

where e, uny (nuclear magneton), g;, and g are the
well-known effective parameters. Usually, e, = e (0),
g1 =1 (0), and g5 = 5.586 (—3.826) for the proton (neu-

tron).

Transition probability per time is given as Eq. (B.72)
in Ref. [3]:

T(X s Iy — Iy)
_ ST 1 (B
AN MDA\ he
B(X ;I — Ip)  [s71, (C2)

where Ef; = Ef — E; 1. Here B(I; — I¢) is the reduced
transition probability, which can be represented as
B(XMu; I; — Iy)

1 .
= IM‘ XA
o0, + 1 > ‘<f 7| Q)
/,LMiMf

2
. (C3)

IiMi>

Note that its unit is commonly [e? - (fm)?*]. If both the
initial and final states are spherical, this can be reduced
as

2
, (C4)

B(XM\uI; — If) = ’<1f H O(X)\) ‘

3

by Wigner-Eckart theorem. In order to evaluate
<If H O(X\) ‘ I,»> and thus B(I; — Iy), one should cal-

culate <Ifo ’ Q(X ) ‘ I,»Mi>, at least for one time, for
the chosen (M;, p, My).

2I; +1

14

From Weisskopf’s estimation [3, 18], for the electric
mode,

B(EAu; I; — Iy)

1 3 ? A1/3 2A 2 f 2
= — (A+3> (1:21412)7 [e2(Em)®], (C5)
whereas, for the magnetic mode,

B(MA; I; — I)

~ 10 (;;3)2 (1.21A1/3)2k_2 (12 (Fm)2A~2](C6)

™

where p% =2 1.102 x 1072 [e*fm?].
Appendix D: Units and Conventions

We employ the CGS-Gauss system of units in this note.
Thus, for example,

Velectron (7)) = E, (Coulomb pot. of an electron)
r
e? 1
=3 = 37 (fine structure constant)
eh
UN = , (nuclear magneton)
2mypce

where m,, & 938.272 MeV /c? (proton mass). It is useful
to remember that puy = 0.105 [e - fm)].
Spin and Pauli’s sigma matricies are determined as

g1 L _ 02 g3
2 =

82

where

01 0 —i 10
(1) = (19) =05,

These satisfy

00 = 52‘3‘ + iGiijk,

0,05 + 00, = 2517‘,

0i0j — 0;0; = 2iek gy, = [5i,5;] = i€k g, (D1)
The following formula is also useful:

(G-A) (G -B)=A-B+is-(Ax B). (D2)

1 Within the MKSA system of units, the right-hand side of Eq.(C2)
should be multiplied by ﬁ for the electric mode, whereas by

po _ _ 1
Am T 4megc?
tion of o and pn should be different from those in the CGS-Gauss

system.

for the magnetic mode. Note also that the defini-
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