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Probing the proton with two photons

• Deeply virtual Compton scattering (DVCS) [Müller ’92, et al. ’94]

γ∗

P1 P2

DVCS

−q2

1
= Q2 q2

2
= 0

γ

P = P1 + P2 , ∆ = P2 − P1

q = (q1 + q2)/2

Generalized Bjorken limit:

−q2 ' Q2/2 →∞

ξ =
−q2

2P · q
→ const

• To leading twist-two accuracy cross-section can be expressed
in terms of Compton form factors (CFF)

H(ξ,∆2,Q2), E(ξ,∆2,Q2), H̃(ξ,∆2,Q2), Ẽ(ξ,∆2,Q2), . . .
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Factorization of DVCS −→ GPDs

γ∗

P1 P2

−q2

1
= Q2 q2

2
= 0

γ

x + ξ

2

x − ξ

2

Ha

Ca

P = P1 + P2 , ∆ = P2 − P1

q = (q1 + q2)/2

−q2 ' Q2/2 →∞

ξ =
−q2

2P · q
→ const

• Compton form factor is a convolution:

aH(ξ,∆2,Q2) =

∫
dx C a(x , ξ,Q2/µ2) Ha(x , η = ξ,∆2, µ2)

a=NS,S(Σ,G)

• Ha(x , η,∆2, µ2) — Generalized parton distribution (GPD)
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How to model GPDs?

• Complete deconvolution is impossible, so to extract GPDs
from the experiment we need to model their functional
dependence.

• It will be argued that . . .
• . . . instead of considering momentum fraction dependence

H(x , . . .)
• . . . it is convenient to make a transform into complementary

space of conformal moments j :

Hq
j (η, . . .) ≡ Γ(3/2)Γ(j+1)

2j+1Γ(j+3/2)

∫ 1

−1
dx ηj C

3/2
j (x/η) Hq(x , η, . . .)

• They are analogous to Mellin moments in DIS: x j → C
3/2
j (x)

• C
3/2
j (x) — Gegenbauer polynomials

• Hq
j (η, . . .) are even polynomials with maximal power ηj+1
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Advantages of conformal moments

1. The evolution equations are most simple: There is no mixing
among moments at LO, and in special (CS) scheme not even
at NLO

2. Powerful analytic methods of complex j plane are available
(similar to complex angular momentum of Regge theory)

3. ⇒ stable and fast computer code for evolution and fitting

4. New possibilities for GPD modelling

5. Moments are equal to matrix elements of local operators and
are thus directly accessible on the lattice
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Mellin-Barnes representation of CFFs (I)

• Factorization formula for CFFs . . .

SH(ξ,∆2,Q2) =

∫
dx C(x , ξ,Q2/µ2) H(x , ξ,∆2, µ2)

• . . . is in moment space written as conformal operator product
expansion (COPE)

SH(ξ,∆2,Q2) = 2
∞∑
j=0

ξ−j−1Cj(Q2/µ2, αs(µ)) Hj(ξ,∆
2, µ2)

• However, this series converges only for unphysical ξ > 1

• To evaluate it for ξ < 1 we analytically continue in complex j
plane and write the COPE sum as a Mellin-Barnes integral . . .
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Mellin-Barnes representation of CFFs (II)
• . . . using Sommerfeld-Watson transformation and dispersion

relations:

SH(ξ,∆2,Q2) = 2
∞∑
j=0

ξ−j−1Cj(Q2/µ2, αs(µ)) Hj(η,∆
2, µ2)

=
1

2i

∫ c+i∞

c−i∞
dj ξ−j−1

[
i + tan

(
πj

2

)]
Cj(Q2/µ2, αs(µ)) Hj(ξ,∆

2, µ2)

c

Leading pole

Regge and poles
of Wilson coef. and
anomalous dim.

Poles of tan(

j

π j
2 )
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Modelling conformal moments of GPDs (I)
• How to model η-dependence of GPD’s Hj(η, t)? (t ≡ ∆2)

• Idea: consider crossed t-channel process γ∗γ → pp

When crossing back
to DVCS channel we
have:

cos θcm → −1

η

• . . . and dependence on θcm in t-channel is given by SO(3)
partial wave decomposition of γ∗γ scattering

H(η, . . .) = H(t)(cos θcm = −1

η
, . . .) =

∑
J

(2J+1)fJ(. . .)d
J
0,ν(cos θ)

• dJ
0,ν — Wigner SO(3) functions (Legendre, Gegenbauer,. . . )

ν = 0,±1 — depending on hadron helicities
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Modelling conformal moments of GPDs (II)
• OPE expansion of both H and H(t), as well as trivial crossing

properies of Wilson coefficients Cj , leads to

Hj(η, t) = ηj+1 H
(t)
j (cos θ = −1

η
, s(t) = t)

• and t-channel partial waves are modelled as:

γ
∗ p

p
γ

m(J)

hJ,j (1− t/M2)−p

1

m(J)− t
∝

1

J − α(t)

Hj(η, t) =

j+1∑
J

hJ,j
1

J − α(t)

1(
1− t

M2(J)

)p η
j+1−JdJ

0,ν

• Similar to “dual” parametrization [Polyakov, Shuvaev ’02]
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Choice of GPD Ansatz

• Taking just a leading partial wave J = j + 1 (good enough for
HERA kinematics) gives ansatz:

Hj(ξ,∆
2, µ2

0) =

(
N ′

Σ FΣ(∆2) B
(
1 + j − αΣ(0), 8

)
N ′

G FG(∆2) B
(
1 + j − αG(0), 6

) )

αa(∆2)=αa(0)+0.15∆2 Fa(∆
2) =

j + 1− α(0)

j + 1− α(∆2)

(
1− ∆2

Ma
0
2

)−pa

. . . corresponding in forward case (∆ = 0) to PDFs of form

Σ(x) = N ′
Σ x−αΣ(0) (1− x)7 ; G (x) = N ′

G x−αG(0) (1− x)5

• Ansatz parameters: NΣ, αΣ(0), MΣ
0 , NG , αG (0), MG

0

For small ξ (small xBj) valence quarks are less important ⇒ Σ ≈ sea
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We have applied this framework to:

1. investigate size of NLO and NNLO corrections to non-singlet
[Müller ’05] and singlet [K.K., Müller, Passek-Kumerički, and Schäfer ’06] ,
[K.K., Müller and Passek-Kumerički ’07] Compton form factor H

2. perform fits to DVCS (and DIS) data and extract information
about GPDs [K.K., Müller and Passek-Kumerički ’07]

• Why study NNLO corrections?

• Gluons start to contribute at NLO order, and are important.
Thus, it is necessary to go to NNLO to assess the convergence
of the perturbation series.
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NLO corrections
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NNLO corrections
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• breakdown at small-xBj , coming from αs ln(1/xBj) behaviour
in evolution operator. Situation maybe worse for meson
production [Diehl, Kugler, Ivanov, Szymanowski, Krasnikov]

⇒ resummation needed
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Fast fitting routine (GeParD)

GPD ansatz

H(Q2

0
, parameters)

Observables:
σDV CS, asymmetries, F2, . . .

Experimental data

Initialization of
Wilson coefficients and
evolution operator

C(Q2)× E(Q2/Q2

0
)

MINUIT chi-square
minimization

1.
2.

Plotting of fits, 
GPDs, PDFs,...

3.

Mathematica
TM

 interface
H(Q2

0
, parameters)

• Observable =
∫

dj Cj(Q2)× Ej(Q2,Q2
0)× Hj(Q2

0)
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Mellin-Barnes representation Modelling conformal moments of GPDs (N)NLO corrections and fitting

Check
• Check by comparison to QCD-Pegasus [Vogt ’04]

• evolution of Les Houches benchmark PDFs:
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Automatically produced fits
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Mellin-Barnes representation Modelling conformal moments of GPDs (N)NLO corrections and fitting

Example of final fit result
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Mellin-Barnes representation Modelling conformal moments of GPDs (N)NLO corrections and fitting

Parton probability density
• Fourier transform of GPD for η = 0 can be interpreted as

probability density depending on x and transversal distance b
[Burkardt ’00, ’02]

H(x ,~b) =

∫
d2~∆

(2π)2
e−i~b·~∆H(x , η = 0,∆2 = −~∆2) ,

• Average transversal distance :

〈~b2〉(x ,Q2) =

∫
d~b~b2H(x ,~b,Q2)∫
d~b H(x ,~b,Q2)

= 4B(x ,Q2) ,
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10
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2
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4

xx

B
(x

,Q
2

=
4
G

eV
2
)

[G
eV
−

2
]

quarks

gluons

(at Q2 = 4 GeV2)

〈~b2〉gluon(ξ = 10−3) =

0.30+0.07
−0.04 fm2
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Mellin-Barnes representation Modelling conformal moments of GPDs (N)NLO corrections and fitting

Three-dimensional image of a proton
Quarks: Gluons:
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Mellin-Barnes representation Modelling conformal moments of GPDs (N)NLO corrections and fitting

Summary

• Using conformal moments of GPDs has several advantages,
including
• elegant approach to NLO and NNLO corrections to DVCS

amplitude
• providing convenient framework for GPD modelling

• NLO corrections can be sizable, and are strongly dependent
on the gluonic input.

• NNLO corrections are small to moderate, supporting
perturbative framework of DVCS.

• Scale dependence is not so conclusive: large NNLO effects for
ξ . 10−3 signaling breakdown of naive perturbation series.

• Fits to available DVCS and DIS data work well and give
access to transversal distribution of partons.

The End
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Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

Conformal algebra

• Conformal group restricted to light-cone ∼ O(2, 1)
L+ = −iP+

L− =
i

2
K−

L0 =
i

2
(D + M−+)

[L0, L∓] = ∓L∓

[L−, L+] = −2L0

Casimir:

L2 = L2
0 − L0 + L−L+

conf.spin j :

[L2,On,n+k ] =

j(j − 1)On,k

(D — dilatations, K− — special conformal transformation (SCT))
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Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

Operator Product Expansion

Jem(x)Jem(0) −→
∞∑

n=0

∞∑
k=0

(
1

x2

)2

xn+k+1
− Cn,kOn,k

k = 0 :

On,k ≡ (i∂+)k ψ̄ γ+(i
↔
D+)nψ

i∂+
M.E.→ −∆+

↔
D+≡

→
D+−

←
D+

• Cn,0 and γn of On,0 are well known from DIS up to NNLO.

• But Cn,k and γn,k are not so well known.

• γn,k 6= 0 ⇒ operators On,k mix under evolution.

• Choosing operator basis in which γn,k is diagonal would help.
But how to diagonalize unknown matrix?!

• (At least) to LO answer is: use conformal operators.
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Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

Conformal operators

On,n+k = (i∂+)n+k ψ̄ γ+ C
3/2
n

( ↔
D+

∂+

)
ψ

• they have well-defined conformal spin j= n + 2

• massless QCD is conformally symmetric at the tree level
⇒ conformal spin is conserved

• mixing of operators with different n is forbidden by conformal
symmetry, while mixing of those with different n + k is
forbidden by Lorentz symmetry ⇒ On,n+k don’t mix at LO

• conformal symmetry broken at the loop level (renormalization
introduces mass scale, dimensional transmutation) ⇒
• running of the coupling constant ∂g/∂ lnµ ≡ β 6= 0
• anomalous dimensions of operators γjk = δjkγj + γND

jk

⇒ On,n+k start to mix at NLO
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Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

Conformal Towers
sp

in
=

n
+

k
+

1

conformal spin j = n + 2

γn and Cn known from DIS

These mix at NLO

, in MS but not in CS scheme

• Diagonalize in artificial β = 0 theory by changing scheme

OCS = B−1OMS so that γCS
jk = δjkγk

• Cn,k = (−1)k (n+2)k
k!(2n+4)k

Cn,0 ⇒ summing complete tower
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Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

β 6= 0 (I)

• In full QCD β 6= 0 and NLO diagonalization is spoiled:

γCS
jk = δjkγk +

β

g
∆jk

• However, there is also ambiguity in MS → CS rotation matrix:

B = B(β=0) +
β

g
δB

• By judicious choice of δB one can “push” mixing to NNLO
(CS scheme, [Melić et al.] ).

• But how to calculate rotation matrix B? This is problem
equivalent to calculation of γj ,k .
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Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

β 6= 0 (II)

• The B(β=0) is constrained by conformal Ward identities . . .

B
(β=0)NLO
jk = δjk−

αs

2π
θ(j > k)

γSCT, LO
jk

ajk

(ajk — known matrix)

[Müller ’93]

SCT ≡ special conformal transformation

• . . . and, as a consequence

MSγ
ND,(1)
jk =

[
γSCT, (0) − β0

b
g , γ

(0)

]
jk

ajk

• Final result:
n-loop DIS (diagonal) result + (n − 1)-loop SCT anomaly =

n-loop non-diagonal prediction
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γSCT, LO
jk

ajk

(ajk — known matrix)

[Müller ’93]

SCT ≡ special conformal transformation

• . . . and, as a consequence

MSγ
ND,(1)
jk =

[
γSCT, (0) − β0

b
g , γ

(0)

]
jk

ajk

• Final result:
n-loop DIS (diagonal) result + (n − 1)-loop SCT anomaly =

n-loop non-diagonal prediction

27 Krešimir Kumerički : Mellin-Barnes approach to GPD modelling and fitting . . .



Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

NNLO DVCS (I)

• DVCS amplitude in terms of conformal moments:

SH(ξ,∆2,Q2) = 2
∞∑
j=0

ξ−j−1Cj(Q2/µ2, αs(µ)) Hj(ξ = η,∆2, µ2)

Hq
j (η, . . .) =

Γ(3/2)Γ(j+1)

2j+1Γ(j+3/2)

∫ 1

−1
dx ηj−1C

3/2
j (x/η)Hq(x , η, . . .)

• . . . analogous to Mellin moments in DIS: xn → C
3/2
n (x)

• Here, Wilson coefficients Cj read . . .
⇒
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Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

NNLO DVCS (II)

Cj(Q
2/µ2,Q2/µ∗2, αs(µ)) =

∞∑
k=j

Ck(1, αs(Q)) P exp

{∫ µ

Q

dµ′

µ′[
γj(αs(µ

′))δkj +
β

g
∆kj(αs(µ

′), µ′/µ∗)

]}
with

Cj(1, αs(Q)) =
21+j+γj (αs)/2Γ

(
5
2 + j + γj(αs)/2

)
Γ(3/2)Γ

(
3 + j + γj(αs)/2

) cMS,DIS
j (αs)

• 2···Γ(··· )
Γ(3/2)Γ(··· ) is result of resumming the conformal tower j

• cMS,DIS
j (αs) from [Zijlstra, v. Neerven ‘92,‘94, v. Neerven and Vogt ’00]

• Finally, evolution of conformal moments is given by . . . ⇒
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29 Krešimir Kumerički : Mellin-Barnes approach to GPD modelling and fitting . . .



Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

NNLO DVCS (II)

Cj(Q
2/µ2,Q2/µ∗2, αs(µ)) =

∞∑
k=j

Ck(1, αs(Q)) P exp

{∫ µ

Q

dµ′

µ′[
γj(αs(µ

′))δkj +
β

g
∆kj(αs(µ

′), µ′/µ∗)

]}
with

Cj(1, αs(Q)) =
21+j+γj (αs)/2Γ

(
5
2 + j + γj(αs)/2

)
Γ(3/2)Γ

(
3 + j + γj(αs)/2

) cMS,DIS
j (αs)

• 2···Γ(··· )
Γ(3/2)Γ(··· ) is result of resumming the conformal tower j

• cMS,DIS
j (αs) from [Zijlstra, v. Neerven ‘92,‘94, v. Neerven and Vogt ’00]

• Finally, evolution of conformal moments is given by . . . ⇒
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Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

NNLO DVCS (III)

µ
d

dµ
Hj(· · · , µ2) = −γj(αs(µ))Hj (· · · , µ2)

− β(αs(µ))

g(µ)

j−2∑
k=0

ηj−k∆jk

(
αs(µ),

µ

µ∗

)
Hk(· · · , µ2)

• ∆jk — unknown correction, starts at NNLO, and can be
suppressed by choice of initial condition — neglected

• γj from [Vogt, Moch and Vermaseren ’04]
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Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

Relevance of GPDs for collider physics

W ±, H, SUSY, . . .

Hard parton core
Soft partons x<<0.01

• heavy particle production ⇒ collision is more central
⇒ larger probability for multiple parton collisions

• [Frankfurt, Strikman and Weiss ’04]

• No influence on total inclusive cross sections, but event
structure is sensitive to transversal parton distributions.

• Relevant for LHC?
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Conformal Approach DVCS at NNLO Relevance for LHC Proton holography

Proton holography by electroproduction of photons

• Measured in leptoproduction of a real photon:

γ∗

P1 P2

DVCS

γ
l

l

γ∗

P1 P2

F1,2(∆)

γ
l

l

Bethe-Heitler scatt.

• There is a background process but it can be used to our
advantage:

σ ∝ |TDVCS|2 + |TBH|2 + T ∗DVCSTBH + TDVCST ∗BH

• Using TBH as a referent “source” enables measurement of the
phase of TDVCS → proton “holography” [Belitsky and Müller ’02]
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