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M is a smooth m-manifold with a metric g., which has s negative
eigenvalues. Metric determinant is denoted by g = det(g,.. ).

- Base of p-forms via wedge product,

dz"* A...Adat? = Z Sgl’l(ﬂ') dzt~M @ ... @ dgh~®

TESp
- General p-form w € QF,
_ 1 w1 wp
w = memupdz A...ANdx

. Unless otherwise stated, we assume:
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- Generalized Kronecker delta
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- Volume form € € Q™, € := /|g|dz* A ... Adz™
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Operators on differential forms

. Contraction with vector ix : QP — QP!

ifoO, (ixw)(Xl,...,Xp_l):w(X,Xl,...,Xp_l)
- Hodge dual x: QP — Q™7?

*w:%em ”puﬁl,”“mdx”p“/\.../\dx“’"
pl(m — p)!

xl=€, *xe=(-1)°, ixe=xX
- Exterior derivative d : QF — QP*1
1

dw = - 0oy ...pp dz” Adz" AL A dat?
p!

. Lie derivative £x : QY — QF
fxw = (ixd + dix)w
- Coderivative § (ord") : QP — QP~!
Sf=0, dw= (1" quw

- Laplace-Beltrami operator (Laplacian) A : QF — QF

A=dé+dd=(d+90)°

Abstract index notation

(r+9)
(a A ﬁ)al...apbl...bq - p'q' a[al.“apﬂbl.“bq]
1 aj...ap
(*w)ap+1...am - Z7!(4)111.441176 Apt1---Qm

(iXW)almap,l - wabal...ap,l
(dw)ul---ap+1 = (p + l)v[alw02map+1]

(Jw)al.“ap,l - wabal...ap,l

Thm. +x = (—1)Pm=PFs 2 =42 =4§2=0
Thm. £x(fe) =d(fX)e

Thm. §(fa) =ixa+ féa with X =V*f
Thm. ixdra = x(X A dar)

Leibniz

ix(aAB)=(ixa) A\B+ (—1)Pa A (ixB)
d(aAB) = (da) AB+ (1) A (dB)
ﬁx(a /\,8) = (EXa) AB+aA (fxﬂ)

Commuting

aNB=(-1)"BAra

ixxa=x(aAX), ixa=(—1)"PTT(X A xa)

[Ex, £v] = £ix,v),  [Exyiv] =dx,y),  [Ex,d] =0
fx*a — x£xa = (0X) xa + & with
~ . be
Qay...ap = p(£Xg )gb[alo‘\c\agmap]

dx= (1" %8, dx=(=1)"*d
*A=Ax, dA=Ad, A=A

Inner products

1 ar...

(a|w):= o1 Cate-

Normalization of the volume form, (e | €) = (—1)°.

Thm. (a|w)e=aA+w =wA*xa = (—1)° (xa | *w) €
Thm. (XA~ |a)=(v]|ixa)
Thm. (X | Y)(a ‘ a) = (—1)S (ix*ax ‘ ’iy*a) + (ixa | iya)

(o, w) ::/ o N *w
M

Thm. If s = 0 then (o, ) > 0 and (o, ) = 0 iff & = 0.
Thm. If s = 0 then —A is a positive operator in a sense that
(w, —Aw) = (dw, dw) + (dw, dw) >0

Consequently Aw = 0 iff dw = 0 and dw = 0.



Pullback
Fora C°° map ¢ : S — M, we define ¢* : QP (M

(¢ w) (X1, ... s 0+ Xp)

* _ 0@ o) O og)
(¢ (.J)o-yuo'p's - 8y01 s ayo.p

¢ (aAB)=(¢"a)A(¢"B), ¢'d=d¢"

N.B. ¢*(*w) # *(¢"w)

) — QP(S),

, Xp) 1= w(dX1,. ..

. Wy oot |6(s)

Let M be a smooth orientable m-manifold
OM — M. Then for any compactly

Stokes’s theorem.
boundary OM and inclusion ¢ :
supported w € Q™ (M),

/dw:/ 1w
M oM

Corollary (dv,a) + (v,0a) = / ¥ A *a
oM
Green’s identity for o, 8 € QP (M)

/(Aa/\*B—AB/\*a):/ (SanxB—5BA*a+BAxda—aA*d3)
M OM

Frobenius’s theorem. Let M be a smooth m-manifold and D a k-
dim distribution (subbundle of T'M), defined by (m — k) linearly in-
dependent 1-forms {8V, ..., 8(™~%)} 5o that at each point p € M
we have D|, = ), Ker(8”],). Then the following conditions are
equivalent

« Disinvolutive, (VX,Y € D) : [X,Y] €D

« D is totally integrable: for any p € M there is a nbh O, and
functions h}, f; : Op — R, such that

m—k
0" = hjdf;
j=1

« the condition

0V AN A =0
holds for any ¢ € {1,...,m — k}.
De Rham cohomology

Z"(M) ={w € Q" | dw = 0}
B'(M)={weQ |3y w=dy}
Hir(M) = Z"(M)/B" (M)

Euler-Poincaré characteristic x(M) = -7 (—1)"b" with Betti

numbers b" = dim H)jg (M). For n > 1 the de Rham cohomology
groups of spheres S™ are Hj (S™) = (0r0 + 6rn)R

closed forms

exact forms

Thm. If M is a connected smooth manifold with finite fundamental
group, then Hjg (M) = 0. Poincaré lemma. Every closed form on
a contractible open set is exact.

Hodge decomposition theorem. On any closed orientable Rieman-
nian manifold M, for any w € QP (M) there is a unique global de-
composition

w=da+i8+x

with e € QP71 8 € QP! and x € QP is harmonic, Ax = 0.

Maxwell’s equations

(m,s) =(4,1)

dF =47 xjm , d*F = 47 *je

Electro/magnetic decomposition via X with N = X, X*:
E:*ixF, B:ix*F

—NF =X AE+x(XAB)
N(F|F)=(E|E) - (B|B)
N(F | «F)=-2(E|B)

Maxwell’s equations via d = —kd* and w = —*(X A dX),

(E|ixdX) (B|w)

_SE = ~ B v 47 (X | je)
o BlixdX)  (E|w) :
0B = N + N +47(X | jm)

—dE = £xF + 47 %(X A jm)
dB = £x +F + 47 x(X A je)

Killing vectors
Thm. For a Killing vector K* with N = K,K* we have

fkK=0, 6K=0, dxdK=2+R(K), dN=—ixgdK

fka=0KANa)+KAda, fxra=x*froa

Thm. (m, s) = (4, 1). Let (M, gas) be a Lorentzian 4-manifold with
the Killing vector field K. Then the twist 1-form w,, defined as
w:=—*KAdK), w,= Cabea K VEK?
satisfies the following relations
dw = —2«(K A R(K)),

(AN | dN) —

Néw =2 (w | dN)

(w | w) = NAN — 2NR(K, K)

NdK = +(K Aw) — K AdN
N(dK | dK) = (dN | dN) —

5(5)70 5 () =0

(w|w)

(v w) +2NR(K, K)

(< % iV?(KI )
_ K
5 (5) = - - i)
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