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i;_: \_-K 4 X(oy = 4
o=t

£t0=0;
t=4;
n=4;
dt = (t-t0) /n;

g=1z
For[i=1,i<n, i++,
ds = f[s] *+dt;
t=t0+ixdt;

s =s+ds

]
s //N
Expl[k+*t] // N

1é:

54,5982

£x , t ] i=k*x

Euler[t , tO0_, x0_, n_] :=Module[{i, xx, dap:: L, dul.

dt = (t-t0) /n;
== 0

For[i=1,1isn, i++,

dx = f[xx, tt] «dt;
tt = t0+ixdt;
XX = xx +dx
1:
xx // N
1
K= L3

Euler[4, 0, 1, 400]
53,5241
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2 | Eulerova metoda.nb

Plot[Euler[t, 0, 1, 400], {t, O, 4}]
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Plot[{Exp[k * t], Euler[t, 0, 1, 4],
Euler[t, 0, 1, 40], Euler([t, 0, 1, 4001}, {t, 0, 4}]
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RK[t , t0_, x0O_, n_] := Module[{i, xx, dx, tt, dt, k1, k2, k3, kd},

dt = (t-t0) /n;

*x=%0;

For[i= 13 Sny sk
k1l = f[xx, tt] *dt;
k2 = f[xx+kl /2, tt+dt /2] xdt;
k3=f[xx+k2/2, tt+dt /2] »dt;
k4 = £[xx+ k3, tt+dt] »dt;
dx = (k1l+2%k2+2%xk3+kd) /6;
tt = t0 + 1 xdt;
XX = Xx +dx

17

xx // N

]

k=1

RK[4, 0, 1, 4]
53.8032

Plot[{Exp[k ~t], RK[t, 0, 1, 4], RK[t, 0, 1, 40] , RK[t, 0, 1, 400]}, {t, 0, 4}]
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nsr= £l , £ ] :=x

BK[t , t0_, x0_, n_] := Module[{i, xx, dx, tt=t0,.dt, ki; k2, k3, k4, T};
dt = (£-t0) /n;
xx = x0;
T = Table[{0, 0}, {n+1}];
T[[1]] = {t0, x0};
For[i =1, i sn, i%+;
kl = £[xx, tt] *dt;
k2 =fxx+kl/2, tt+dt /2] xdt;
k3=f[xx+k2/2, tt+dt /2] »dt;
kd = f[xx +k3, tt+dt] »dt;
dx = (kl+2+xk2+2+k3+k4) /6;
tt=t0+1ixdt;
Xx = xx+dx;
TI[1i+1]] = {tt, xx}
17
T//N
1

ng= y = RK[4, 0, 1, 4]
ol 1 By Doy (T @083 - 412, 7.33507}, {3., 19.8658}, {4., 53.8032}}
9= ListPlot[y, Joined » True]
sof
40/ s
30f
Cut[a]= 4

20f A

10 i

i

o= y = RK[4, 0, 1, 400] ;

nft]= ListPlot[y, Joined -+ True]

\ /

501 /
40 /

30f /
cutf11)= /

20+ /

L8]
w
ka5

k= gly_, t_] :=y
s =NDSolve[{y'[t] =g[y[t], t], y[0] ==1}, v, {t, O, 4}]
oug {{y = InterpolatingFunction[{{0., 4.}}, <>])}
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n5l= Plot[Evaluate[y[t] /. s], {t, 0, 4}, PlotRange = All]
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x[t_, x0_] :=14+8qre[u-1] *Tan[Sqrt[u-1] * t+ ArcTan[ (x0 - 1) /8Sgrt[u-11]]

H=2;

I ——

Pl°t[{x[tf -_5;11 x[t: '_1]}! {tr _3r 3}]

[} 8! F1 /Ak)ﬁ-

5 T2 = 2 ;J
L '
I -t .‘"
| =&| |
M=.5;
Plot[{x[t, .11, %[t, 5]}, {t,-10, 10}] LA
I|i b —_
[ sf Z %X
~10 =5 5 10

zl- gt _, x0_1 :=
Limit[1+Sgrt[u-1] » Tan[Sqrtfu-1] xt + ArcTan[(x0-1) /Sqrt[u-1]]], u-1]

n4r= Plot[{1, g[t, .2_]}, {t, -50, 50}, PlotRange - {0, 2}]

b3
=
1

p=t
L

t.A.
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-a,

man- £x[x_, ¥_] axx#* (L-x/n) -b*xxxy

= ¥ ]

—cxy+drxX*y

(# Tl=sedlo, T2=sedlo, T3=st. fokus «)

1
[
N

.9;
=2;

f= I TR o M o N
"
b

144~ StreamPlot[{fx[x, y], fy[x, vl}, {x, -1, 4}, ¥, =1, 4}]

& om0 SR e e s

(* Tl=sedlo, T2=T3=&vor-sedlo *)

Inf45] = 23
s R

a
b
G=2% . 9;
d
n

=.9;
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StreamPlot[{fx[x, y], £¥y[x, y]}, {x, -1, 4y, {y, -2, 3}]

=sedlo «x)
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=évor,

sedlo, T2

(* Tl=

StreamPlot[{fx[x, v], £fy[x, v1}, {x, -1, 4}, {v, -2, 3}]
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(*Eulerx)

fx[x , Yy »t ]:
fy[x_, Yot ] e

(2-1.2%y) »x
(-1+0.9%x) xy

1]

Euler[t , tO_, x0_,y0_, n_] :=Module[{i, xx, dx, Yy, dy, tE = t0,dt},

dt= (t-t0) /n;
Xx=%x0;
Yy =yo;

For[i=1,4isn, i++,
dx = fx[3:x, vy, tt] »dt;
dy = fy[»x, yy, tt] =dt;

tt = t0 + 41 »dt;
XX = xx +dx;
Yy = yy +dy

1z
{xx, yy} // N
1

Euler[5, 0, 1, 0.5, 400]
{0.874093, 0.46438)

(*Runge-Kutta IVx)

fx[x_, Y_
fylx , v _,

(2-1.2%xy) #x

t]
t ] (-1+0.9%x) »y

n

RK[t , t0_, x0_, y0_, .| FE
Module[{i, xx, dx, yy, dy, tt = t0, dt, kx1, kx2, kx3, kx4, kyl, ky2, ky3, ky4},
dt = (£t-t0) /n;
xx = x0;
YV AN
FPor[i=1;41 sn; 1++;
kxl = fx[xx, yy, tt] »dt;

kx2 = fx[xx+kx1 /2, yy+kyl/ 2, tt+dt/ 2] «dt;
kx3 = fx[xx+kx2/2, yy+ky2/2, tt+dt /2] »dt;
kx4 = fx[xx + kx3, yy + ky3, tt+dt] xdt;

kyl = fy[xx, yy, tt] xdt;

ky2 = fy[xx+kx1 /2, yy+kyl /2, tt+dt/ 2] »dt;
ky3 = fy[xx +kx2 /2, Yyy+ky2/2, tt+dt/ 2] »dt;
kyd = fy[xx + kx3, yy + ky3, tt+dt] xdt;

dx = (kx1+2th2+2*k33+kx4) / 6;
dy = (kyl +2xky2+2+ky3 +kyd) / 6;
tt = t0 +1i xdt;
XX = xx +dx;
YY =yy+dy

1:

{xx, vy} // N

]

RK[5, 0,1, 0.5, 40]
{0.957298, 0.478451}

CS-a




2 | Euler & RK za sustave.nb

(*drawingx)

T fx[x_! Y

£ ] :=(2-1.2%y) »x
fylx vy ,t ]:

(-1+0.9%x) »y

un

RK[t , t0_, x0_,v¥0 ,n ] :=
Module[{i, xx, dx, yy, dy, tt = £0, dt, kx1, kx2, kx3, kx4, kyl, ky2, ky3, ky4d, T},
dt = (£-t0) /n;
xx = x0;
vy =y0;
T = Table[{0, 0, 0}, {n+1}];
T[[1]] = {£0, x0, y0};
For[i =:1; is2mn; i+r+;
kxl = £x[xx, yy, tt] »dt;
kx2 = fx[xx+kxl /2, yy+kyl /2, tt+dt /2] xdt;
kx3 = fx[xx+kx2 / 2, ywvky? /2, ttadt /2] wdt;
kx4 = fx[xx + kx3, vy + ky3, tt +dt] »dt;
kyl = fy[xx, vy, tt] =dt;
ky2 = fy[=xx+kxl /2, yy+kyl /2, tt+dt /2] »dt;
ky3 =fy[xx+kx2/2, yy+ky2/2, tt+dt /2] »xdt;
kyd = fy[xx + kx3, vy + ky3, tt+dt] »dt;
dx = (kx1 +2 +*kx2 +2 +xkx3 +kx4d) / 6;
dy = (kyl+2+ky2+2+xky3 +kyd) / 6;
tt=t0+ixdt;

XX = x¥x +dx;

YY = yy +4dy;

T[[1+1]] = {tt, =xx, vv}
1

T// N
1

= n=4000;
T =RK[15, 0, 1, 0.5, n];

- Tx = Table[{0, 0}, {(n+1}];

Ty = Table[{0, 0}, {(n+1}];

Txy = Table[{0, 0}, {n+1}];

For[i=1l,i<=n+1l, i++,
Tx[[i]]1([1]] =T[[i]]0[2]]1:
Tx[[i]]1[[2]] =T[[4i]]1[[2]1];
Ty[[1]]1[[1]] =T[[i]]1[[11]1/
Ty[[1]1([[2]] = T[[4i]]1[[31]:
Txy [[1]][[1]1] =T[[1]]1[[2]]1"
Txy[[1]1]1[[2]] =T[[4i]]([[3]]

GS'D
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ListPlot[{Tx, Ty}, Joined » True]

ListPlot[Txy, Joined - True, AspectRatio - 1]
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(* NDSolve )

- £xlx , vy, t ]

fylx_,yv_, t ]:

(2-1.2%y) #x
(-1+0.9%xx) *y

n

s = NDSolve[{x'[t] = £x[x[t], y[t], ElL.
v'[t] = £fy[x[t], y[t], t], x[0] =1, y[0] = 0.5}, {x, ¥}, {t, 0, 15}]
{{=z-> InterpolatingFunccion[{{O. RS T
Yo InterpolatingFunction[{ {0., 15,1}, <=1}
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Plot[Evaluate[{x[t], y[t]} /. s], {t, 0, 15}]
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srpdad
ParametricPlot3D[Evaluate([{t, x[t] /. s, y[t] /. s}, {t, O, 15}]1]
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n7e= £x[x , ¥y, 2_] Yy

~g*y+k*x-bxx"3+f0xCos[z]

H
4
]
|
<
N
1

fz[x ,y_,2z_] :=w

ngik=

== s = NDSolve[{x'[t] fx[x[t], ¥[t];, =[t]],

y'[t] = £y[x[t], y[t], z[t]], z'[t] = fz[x[t], y[t], z[t]],
x[0] = 0., y[0] = 0., z[0] =Pi/2}, {x, ¥y, 2z}, {t, 0, 1000}]

H

NDSolve mxst : Maximum number of 10000 steps reached at the point t == 762.3034183297834". >

ougi= {{x - InterpolatingFunction[{{0., 762.303}}, 5],
y = InterpolatingFunction[{{0., 762. 303Y) 5 =T
z = InterpolatingFunction[{{0., 762.303}}, <>]}}

s#5= ParametricPlot[Evaluate[{x[t], v[t]l} /. s], {t, O, 762}, PlotRange - All]

1.0




Aoo ~¢

2 | Duffing oscillator.nb

ParametricPlot3D [Evaluate[{x[t], y[t], Mod[=z[t], 2Pi]} /. s],
{t, 0, 762}, PlotRange - All]

witl= T = Table[Evaluate[{x[2Pi«i], y[2Pixil} /. s], {i, 0, 120}];

wo- ListPlot [T]
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Duffing oscillator.nb

ns1)- ParametricPlot3D[Evaluate[{x[t], y[t], z[t]} /. s], {t, 0, 100}, PlotRange » All]

7= s1 = NDSolve[{x'[t] == £x[x[t], y[t], =z[t]l].,
v'[t] = £y[x[t], y[t], z[t]], z' [t] = £z[x[t], y[t], z[t]],
x[0] = 0., y[0] =0.,2[0] =0.}, {x, v, 2}, {t, 0, 1000}]
s2 = NDSolve[{x'[t] == fx[x[t], yv[t], z[t]l], v'[t] = £y[x([t], ¥[t]l, z[E]],
z'[t] = £z[x[t], y[t], z[t]], x[0] =0.1,
v[0] = 0.1, z[0] = 0}, {x, ¥, 2}, {t, 0, 1000}]

NDSolve:mxst : Maximum number of 10000 steps reached at the point t == 725.8877374358585". =

caes: { {x » InterpolatingFunction([{{0., 725.888}}, <>],
y = InterpolatingFunction[{{0., 725.888}}, <=>],
z = InterpolatingFunction[{{0., 725.888}}, <>]}}

NDSolvezmxst : Maximum number of 10000 steps reached at the point t == 733.1184220706826". =

{{x = InterpolatingFunction[{{0., 733.118}}, <>],
y = InterpolatingFunction[{{0., 733.118}}, <>],
z —» InterpolatingFunction([{{0., 733.118}}, <>]1}}

- ParametricPlot3D[Evaluate[{{x[t], y[t]., z[t]} /. s1, {x[t], yv[t]l, z[t]} /. s2}],
{t, 0, 20}, PlotRange —» All]
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b =43

faelx ¥ B2 NE

10 (v -x)
£fyl= ;¥ ,= ] 1= —X*Z-Y+IL*X

fz[x , v ,z_ ] i=x*y- (8/3) =z
f
sl = NDSolve[{x'[t] = fx[x[t], y[t], -4
v'[t] = £fy[x[t], y[t], z[t]], z'[¢] = £z [x[t], y[t], z[t]],
x[0] ==0.1, y[0] =0.1, z[0] = 0.}, {x,y, 2}, {t, 0, 100}]
s2 = NDSolve[{x'[t] == Ex[x[t], y[t], z[t]], ¥'[t] = £y [x[t], YIE]: 2[E€]],; 2" [€] ==
fz[x[t], y[t], z[t]], x[0] =-0.1, ¥[0] =-0.1; 2[0] =0}, {z; vy, 2}; {£; 0, 100}]

ParametricPlotBD[Evaluate[{{x[t] rXY[E]ly =[8]} sl {=le] ooylt] . 2[E]1} 7. 5823,
{t, 0, 85}, PlotRange —» A11]

NDSolve:mxst © Maximum number of 10000 steps reached at the point t == §5.99876951294765. =

{{x—= InterpolatingFunction[{{0., 85.9988)}}, <>],
Y = InterpolatingFunction[{{0., 85.9988}}, 2=y,
z =+ InterpolatingFunction[{{0., EE. 9988, €918

NDSolvermxst : Maximum number of 10000 steps reached at the point t == 85.99876951294765". =
{{x = InterpolatingFunction [{{0., B5.2988}}, <>],

y = InterpolatingFunction[{{0., 85. 998811, <=1,

z = InterpolatingFunction[{{0., 85.9988}}, <>]1}1
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